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PREFACE 


In this book authors for the first time introduce the notion of super 
interval matrices using the special intervals of the form [0, a], a belongs 
to Z’ U {0} or Z, or Q* U {0} or R® U {0}. 

The advantage of using super interval matrices is that one can build 
only one vector space using m x n_ interval matrices, but in case of 
super interval matrices we can have several such spaces depending on 
the partition on the interval matrix. 

This book has seven chapters. Chapter one is introductory in nature, 
just introducing the super interval matrices or interval super matrices. In 
chapter two essential operations on super interval matrices are defined. 
Further in this chapter algebraic structures are defined on these super 
interval matrices using these operation. 

Using these super interval matrices semirings and semivector spaces 
are defined in chapter three. This chapter gives around 90 examples. In 
chapter four two types of super interval semilinear algebras are 
introduced. 

Super fuzzy interval matrices are introduced in chapter five. This 
chapter has two sections, in section one super fuzzy interval matrices are 
introduced using the fuzzy interval [0, 1]. In section two special fuzzy 
linear algebras using super fuzzy interval matrices are defined and 
described. Chapter six suggests the probable applications to interval 


analysis. The final chapter suggests around 110 problems some of which 
are at research level. 

We thank Dr. K.Kandasamy for proof reading and being extremely 
supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


INTRODUCTION 


In this chapter we just indicate how we build super interval matrices 
using intervals of the form [0, a] where a e R® U {0} or QU {0} or Z” 
U {0} or Z, or intervals of the form [a, b] with a <b, a,b € Ror ZorQ. 


Consider a m x n matrix 


ay Ap Ain 

a a a 
21 2 Qn 

A= ; ‘ 
Ain, an, ain, 


where aj; = [0, a], a ¢ R" U {0} or Z" U {0} or Z, or Q* U {0} or [a, b] 
=a; witha <b, a,b ¢ RorQorZor Z,. 

We partition the m x n matrix A and get the super interval matrix. 
We in this book only use intervals of the form [0, a]; a € Z’ U {0} or Zn 
or R’U {0} orQ’ VU {08. 


Just we wish to indicate given a 3 x 2 matrix 


a; a, 
a, a,;/=A 
as a6 


a, a, a, a, 
Ai; =]|a,}a,|, Az=]a, a, |, 
as a as a 


a, 
A3= | 43 
a; 
a, 4, 
As=|4, a4), A6= 
as ae 


Thus using one 3 x 2 matrix A we can get 7 super interval matrices. 
Hence such study is not only innovative very useful in applications. 


For operations on super matrices refer [17, 47]. 


Chapter Two 


INTERVAL SUPERMATRICES 


In this chapter we for the first time introduce the notion of interval 
super matrices and derive several of their related properties. 


We will illustrate this by some examples. 


DEFINITION 2.1: Let X = ([ai, b,] [a2 b>] [a3, b3] | [as bi], [as, bs]| i's | 
[a@n-1, Ont] [An bf) where a; b; € R or Z or O or Zyl Si Sn; a; < bj. 
We define X to be a super interval row matrix. 


Thus we can say in a usual super row matrix X = (x; X2 X3 | X4 X5 | Xo 
X7|... | Xn-2 Xn-1 Xn) If we replace each x; by an interval [a;, b\], 1 <i <n, 
we get the super interval row matrix. 


We will illustrate this situation by some examples. 


Example 2.1: Let X = ([0, 2] | [1], 5] [2, 7] [-9, 13] | [-8, 2] 
[3, 12] [-1 +1] [3, 20]) be the row interval super matrix. 


Example 2.2: Let Y = ((3, 5] [0, 12] | [3, 7], [2, 4] [7, 9]] [-2, 3]) be the 
row interval super matrix. 


Example 2.3: Let A = ({-2, 1] [3, 7] [1, 4] | [5, 9], [0, 4]) be the row 
interval super matrix. 


Now we can perform both the operations of usual addition and 
multiplication; only when the intervals are of special type we can define 
multiplication. 


Now we proceed onto describe addition of super interval row 
matrices. 


Example 2.4: Let X = ({2, 4] [0, 3] | [7, 10] [11, 13] [0, 5]) and Y = ((0, 
3] (0, 1] | [2, 8], [10, 11] [2, 4]) be two interval super row matrices. X + 
Y = ((2, 4] [0, 3] | [7, 10] [11, 13] [0, 5]) + (0, 3] [0, 1] | [2, 8] [10, 11] 
ae 4]) = ({2, 4] + [0, 3] [0, 3] + 
e oe [7, 10] + [2, 8] [11, 13] + [10, 11] [0, 5] + [2, 4]) = (22, 7] [0, 4] 
] [21, 24] [2, 9]) is again an interval super row matrix. 


Now we just define same type of super row interval matrices. 

We say two super interval row matrices A and B are of same type 
(1) If both A and B have same number of components (2) Both A and B 
are partitioned in the same way as in case of usual super row matrices. 


We will illustrate them by examples. However we wish to state that 
all 1 x n interval super row matrices need be compatible under addition 
only when they are of the same type otherwise they cannot be added. 


Example 2.5: Let X = ((0, 3] [1, 4] | [2, 4] [0, 7] [6, 7] | [0, 8]) and Y = 
({2, 4] [2, 5] | [0, 3] [0, 2] [6, 10] | [7, 10]) be two super row interval 
matrices of same type; we can add them as follows: X+Y = ([0, 3] [1, 4] 
| [2, 4] [0, 7] [6, 7] [0, 8]) + (2, 4] [2, 5] | [0, 3] [0, 2] [6, 10] | [7, 10]) = 
CTO OE pe a a a = Dll SAL SEs ae SE | 
[2, 4] + [0, 3] [0, 7] + [0, 2] + [6, 7] [6, 10] | [0, 8] + [7, 10]) = 
({2, 7] [3, 9] | [2, 7] [0, 9] [12, 17] | [7, 18]). We see X + Y is also the 
row interval super matrix of the same type as that of X and Y. 

Thus we see if X and Y are super row interval matrices of the same 
type then so is their sum X + Y. 


Further if X = ([3, 5] | [7, 8] [0, 2]) and Y = (0, 7] [3, 5] | [6, 8]) are 
two super row interval matrices. We see both X and Y are | x 3 interval 
row matrices. However X and Y are not of same type, hence we cannot 
add X with Y. Thus X + Y is undefined. However X and Y as usual row 
interval matrices can be added. 


In view of this we have the following theorem. 


THEOREM 2.1: Let T = {collection of all 1 x n row interval super 
matrices of the same type}. T is a semigroup under addition. 


Proof is straight forward and hence is left as an exercise to the 
reader. 


Now we proceed onto give an example. 


Example 2.6: Let X = ({0, 3] [1, 9] [3, 6] | [0, 7] [-2, 1] | B, 5] 
[-2, 0] [7, 10]) and Y = ([3, 6], [-1, 0] [-3, 2] | [7, 8] [2, 41] | 
[-3, 4 [2, 7] [3, 5]) be two interval super row santa ‘ai A , 3] 
[1, 9] [3, 6] | [0, 7] [-2, 1] | [3, 5] [-2, 0] [7, 10]) + (3, 6] [- [-3, 2] | 
[7, 8] [2, 4] | [-3, 2] [2, 71 [3, 5) = ((0, 31 + (3, 6] [1, 91+ a OL. 6] + 
[- ae 7] + [7, 8] [-2, 1] + [2, 4] | [3, 5] + [-3, 2] [-2, 0] + 22, 7] 
ee ae [3, 5]) = (3, 9] [0, 9] [0, 8] | [7, 15] [0, 5] | [0, 7] [0, 7] 


Suppose we take special type of intervals of the form [0, a] in the 
super interval row matrix we can define multiplication of two super 
interval row matrices A and B if A and B are of same type and intervals 
in A and B are of the form [0, a]. 


Let A = ((0, ai] [0, a2] [0, as] | [0, aa] [0, as] | [0, ac] [0, a7] [0, as] [0, 
ag] [0, aio]) where a; > 0 fori=1, 2, ..., 10 and B = ((0, b;] [0, b2] [0, bs] 
| [0, bs] [0, bs] | [0, be] [0, b7] [0, bg] [0, bo] [0, bio]), b; = 0 be two super 
interval matrices of the same type. 

We define A + B = ({0, a;+b, | [0, ay+b,| [0, a3+b3| | [0, agtb4] 
[0, as+bs] | [0, actbe] [0, a7+b7] [0, agt+bg] [0, aot+bo] [0, aiot+bio]); A+B is 
again a same type of super interval row matrix. 

Now A x B = ((0, a:] [0, a2] [0, as] | [0, as] [0, as] | [0, ac] 
[0, a7] [0, ag] [0, ao] [0, aio]) ({0, bi] [0, bz] [0, bs] | [0, b4] [0, bs] | [0, be] 


1] 


[0, b7] [0, bs] [0, bo] [0, biol) = (0, aybi] [0, arb] 
[0, a3b3] | [0, agb,] [0, asbs] | [0, abe] [0, a7b7] [0, agbg| [0, agbo] 
[0, aiobio]) is again a super interval row matrix of the same type. 


Let A be any row interval matrix. If A is vertically partitioned 
atleast once A becomes the super row interval matrix. 

Consider A = ([b; a;] [b2, a2] ... [ba, an]) be a row interval matrix b; 
<a; 1<i<n.Now A = ([b; a:] [b2, a2] | [b3 a3] ... [by an]) is the super 
row interval matrix. 

A = ([b; ai] [b2, a2] [b3 a3] | [bs ag] [bs as] [be a6] [b7 a7] ... [bp, an). 
We can get for a given interval row matrix several super interval row 
matrices the number of such interval super row matrices depends on n. 


When n = 2 we get only one super row interval matrix viz if A = 


([a; b;] [a2 b2]) then A= ([a; b;] | [a2 b2]) is the only super row interval 
matrix obtained from A. 


When n = 3, let A = ([a; bi] [a2 bz] [a3 b3]) be a 1 x 3 row interval 
matrix. The number of ways in which A can be partitioned are as 
follows. 


_A = ([ai bi] | [a2 be] | [as bs]) 
— (Lai bi] | [a2 be] [a3 b3]) and 
= ([a1 b;] [az be] | [a3 bs]) 


are the three super row interval matrices obtained from A. Suppose n = 
4, let X = ([a; bj] [a2 be] [a3 b3] [a4 by]) be a 1 x 4 row interval matrix. 
The super row interval matrices obtained from A are 
A = (far 1] | [a2 be] | [a3 bs] | [ay bal) 
x b; ] [a> by] I a3 b;] 1| [a4 ba]) 
bi] | [a2 be] [a3 bs] | [a4 b]) 
[a4 
[ 


bj] | [a2 be] | [a3 bs] b.]) 


Pl Sl Sl S| 
Il 


a ie ] | [as bs] | [ag b4]) 
_= ([a: bi] [a2 ba] | [a3 bs] [a4 b4]) and 
A = ((ai bi] [a2 b2] [a3 bs] | [a4 ba). 


We get from one | x 4 row interval matrix obtain seven super row 
interval matrices. That A can be partitioned into super row interval 


matrices in seven ways. The problem of finding the number of super 
row interval matrices given an interval row matrix of say order 1 x n is 
left as an exercise to the reader. 


Now having seen how to obtain super row interval matrices from a row 
interval matrix we proceed onto define and give a few properties related 
with column super interval matrix or super column interval matrix. 


[xp ¥] 
DEFINITION 2.2: Let A = : be a column interval matrix x; S 
[X¥nJ1 
ys 1 Si Sn, x,y; € R, Oor Z or Z,, by horizontally partitioning the 
column we obtain the super column interval matrix. 
Or equivalently we can say in a super column matrix, 
x 
xy 


x3 


x, | 
if we replace each x; by [a;, bi]; a; <b; 1 Si <n then we obtain a super 
column interval matrix. 


We will illustrate this situation by some examples. 


Example 2.7: Let 


[0,3] 
6,7] 
[1,2] 
[3,4] 
[9,18] 
[1,5] 


—_ 


be a super column interval matrix. 


Example 2.8: Let 


be a super column interval matrix. 
Let 
we [a,,b, 1 
[a,,b,] 


be a column interval matrix. We get only one super column interval 
matrix A from A by partitioning A . 


~~ [a,,b,] 
e -(E/ 


[a,,b,] 
A= |[a,,b,] 
[a;,b,] 


Suppose 


be a column interval matrix. 


We obtain the following super interval column matrices using A. 


[a,,b,] [a,,b,] 
A =|[a,,b,]], A =| [a,.b,] 
[a;,b;] [a;,b5] 
[a,,b,] 
and A =| [a,,b,]]. 
[a;,b;] 


Let 
| [0,1] | 
[2,3] 
[5,6] 
A=] [3,4] 
[-3,1] 
[0,3] 
3,0] 


be a column interval matrix. Some of the super column interval matrices 
obtained from A are as follows. 


[0,1] [0,1] [0,1] [0,1] 
[2,3] [2,3] [2,3] (2,31 
[5,6] [5,6] [5,6] [5.6] 
A =| [3,4] |, A=| 3,41 |, A=| (3,41 |, A=| 13,41 J, 
(-3.1] [-3,1] [3,1] [3.1] 
10,3] [0,3] [0,3], [0,3] 
[-3,0] [-3,0] [-3,0] [-3,0] 
| [0,1] | (0.1) ] [or] [0,1] 
[2,3] [2,3] [2.3], [2,3] 
A=| [3,4] |, A=| [3.41] A=| [3.4] |, A=) [3.4] 
[3.1] [-3.1] [3.1] 1-3.) 
[0.3] [0,3] [0.3] [0.3], 
[[-3.01} [I-30] [-3,0] [-3,0] 


. [0,1] | . [0,1] | [0,1] | | [0.1] | 
[2,3] [2,3] [2,3] [2,3] 
[5,6] [5,6] [5,6] [5,6] 
A=| [3,4] |, A=| [3.4] |, A=| [3.4] |, A=| [3,4] 
[-331] [3,1] [3.4] [-3,1] 
[0,3] [0,3] [0,3] [0,3] 
| [-3,0] | | [-3.0] | [-3,0] | [-3,0] 
and so on. 


Thus with a 7 x 1 column interval matrix itself we have so many 
super interval column matrices. 

Thus for a given n x | interval column matrix it is an interesting 
problem to find the number of super column interval matrices. 

Now we say two super column interval matrices A and B are of 
same type; 


(1) If they are of same natural order that is both A and B are n x 1 
column interval matrices. 
(2) They are exactly partitioned in the same way. 


All n x 1 column interval super matrices need not be of the same 
type. For take 


| [a,.b,] | | [a,.b,] | 
[a,,b,] [a,,b,] 
A= |[a3,b;]] and B = | [a;,b;] 
| [as,bs] | Las,bs] 


A and B are not of the same type though both are 5 x | interval column 
matrices. 
Let 


vx] [lanl] 
[X,Y] [a,,b,] 
A= |[x;,y3] | and B = | [a,,b,] 
[x4,Y4] [a,,b,] 
L[Xs.¥s] | | [as.bs] | 


be two super column interval matrices of the same type A + B is defined 
and A + B is once again the super column interval matrix of the same 


type given by 


[x, +4), y, +b;] 
[x, +a,,y, +b, ] 
A+B=| [x, +43, y3 +b,] |. 
[xy +a,,y, + by] 
[x5 +a5,y5 +b] 


Now as in case of usual interval column matrices of same order we 
cannot add super interval column matrices. Addition of super column 
interval matrices is possible only when they are of the same type. In 
view of this we have the following theorem. 


THEOREM 2.2: Super column interval matrices of same type is a 
semigroup under addition. 


Proof is straight forward and is left as an exercise for the reader. 


Now in super column interval matrices we do not define multiplication 
as even in usual column matrices multiplication is not compatible. 

Now having seen the concept of super row interval matrix and super 
column interval matrix we proceed on to define and illustrate super 
interval matrices. 

Suppose A be an interval matrix and if we partition A horizontally 
and or vertically the resultant matrix A is defined as the super interval 
matrix. We can equivalently define a super interval matrix as a super 
matrix in which every entry in it is an interval. In case of super interval 
matrices the submatrices are also interval matrices. 
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We will illustrate this by some examples. 
Example 2.9: Let 


[ [0,6] [1,2] [5,9] 
[3,9] [8,9] [8,15] 
A=) [4,8] [10,11] [-7,3] 
[-3,1] [-L0] [2,7] 
[([-4.0] [45] [3,8] 


be an interval matrix. 


Suppose we draw a line between the 3 and 4" row the resultant 
matrix denoted by A is a super interval matrix, 


[0,6] [1,2] [5,9] ] 
[3,9] [8,9] [8,15] 
A =| [4,8] [10,11] [-7,3]]. 
[-3,1] [-1,0] [2,7] 
[4.0] [4.5] [3.8] 


Suppose we vertically partition A between the first and the second 


column we obtain a _ super interval matrix given by 


| [0,6] 
[3,9] 
[4,8] 
[-3,1] 
[-4,0] 


[1,2] [5,9] 

[8,9] [8,15] 
[10,11] [-7,3] 
[-1,0] [2,7] 

[4,5] [3,8] 


Thus given an interval matrix A we can obtain several super interval 
matrices obtained from A. Hence when we adopt to super interval 
matrices we have several choices to work with. 

Suppose 


0,8] [-1,5 
aa (8) F-45) 
[-7,2] [6, 9] 
be an interval matrix. How many super interval matrices can be 
constructed using A. 


We get 
_ | [0,8] | [-15] _ | 10,8) [-15] 
mae a [6,9] | aa fen [6,9] | 


[0,8] | [-1,5] 
er fe [6,9] | 


We have for this given interval matrix A there are 3 super interval 
matrices constructed using A. 
Thus A, = [B; B2] where 


[0,8] [-1,5] 
B= and B, = 
[=,2] [6,9] 
are just interval matrices so B; and B, are subinterval matrices of A. B, 
and B, are interval submatrices of the super interval matrix Aj. 


C 
Now A> = | where C, and C are interval matrices given by C, 
2 
= ({0, 8] [-l, 5]) and Cy = ([-7, 2] [6, 9]). C, and Cy. are interval 
submatrices of A>. 

D, D, 
D;, D, 
submatrices. In this case we see D;, D2, D3 and Dy are just intervals. 
Thus we can also say a super interval matrix is an interval matrix whose 
entries are just interval matrices. The components of a super interval 
matrix are also called as interval submatrices. 

Suppose 


Also A3 = where D;, D2, D3 and Dy, are interval 


[3,6] [1,5] [0,3] [6,7] 
A=|[-1,0] [-5,1] [0,8] [0,3] 
[2,7] [3,8] [0,1] [7,10] 
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be any interval matrix. 
We will show how we can obtain super interval matrices using A. 


| [3,6] 
A, =|[-1,0] 
| [2.7] 


[1,5] [0,3] [6,7] | 
[-5,1] [0,8] [0,3] 
[3,8] [0,1] [7,10] 


[ [3,6] [1,5] 
Az = |[-1,0] [-5,1] 
| [2.7] [3.8] 


[0,3] [6,7] | 
[0,8] [0,3] 
[0,1] [7.10] 


[3,6] [1,5] [0,3] | [6,7] 
A3= |[-10] [-5,1] [0,8] | [0,3] |, 
[2,7] [3,8] [0,1] | [7,10] 


[3.6] [1,5] [0,3] [6,7]] 
Aqg=1|[-1,0] [-5,1] [0,8] [0,3] 
| [2.7] [3.8] [0,1] [7,10] 
| [3.6] [1,5] [0,3] [6,7] | 
As=/[-1,0] [-5,1] [0,8] [0,3] 
[2.7] [3,8] [0,1] [7,10] 
[ [3.6] | [1.5] | [0,3] [6,7] ] 
Ao = | [-1,0] | [-5,1] | [0,8] [0,3] 
| [2.7] | [3.8] | [0,1] [7.10], 
[ (3.6) | [1.5] [0,3] | [6,7] ] 
A7= | [-1,0] | [-5,1] [0,8] | [0,3] 
| (2.71 | [3.8] [0,1] | [7.10] 
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[ [3,6] [1,5] | [0,3] | [6,7] | 
As=|[-1,0] [-5,1] | [0,8] | [0,3] 
| [2.7] [3,8] | [0,1] | [7.10] 
[3.6] [1.5] [0,3] [6.7] | 
Ay=|[-1,0] [5,1] [0,8] [0,3] 
[2.7] [3.8] [01] [7.10] 


[3,6] 
Ajo = [-1,0] 
[2,7] 


[1,5] [0,3] 
[0,8] 


[3,8] [0,1] [7,10] 


and so on. 


The main importance of these super interval matrices is that for a 
given interval matrix A we can get several super interval matrices. Also 
simultaneous working of finite element analysis can be made. 

Suppose we take yet another interval matrix. 


[-3,2] [1,0] [9,10] ] 
[8,9] [8,10] [9,11] 
[3,11] [-3,2] [0,2] 
[3,4] [9,0] [0,1] 
[0,5] [-81] [10,11] 

[-7,0] [0,5] [-3,2] 


To find some of the super interval matrices obtained from X. 
However we leave it as an exercise for the reader to find all super 
interval matrices obtained from X. 
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| [-7,0] 
[[-3,2] | [1.0] [9,10] | 
[8,9] | [8,10] [9,11] 
[8,11] | [-3,2] [0,2] 
[3.4] |[-9,0] [0,1] |’ 
[0,5] | [-8,1] [10,11] 
[-7.0] | [0.5]  [-3.2] 


[{[-3,2] [1,0] 
[8,9] [8,10] 
[8,11] [-3,2] 
[3,4] [-9,0] 
[0,5] [-8,1] 

|[-7,0] [0,5] 


[9,10] 
[9,11] 
[0,2] 
[0,1] 
[10,11] 
[-3,2] 


X3 = 


and so on. 


We leave it as an exercise for the reader to find the number of super 
interval matrices using the interval matrix X. 

Addition of super interval matrices are possible only when they are 
of the same type. 


Consider 


A and B are not of the same type so A + B is not defined. 
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Consider 


[0,3] | [-2,0] [9,11] | [2,4] 
A= | [9,10] | [-1,0] | and B = | [3,4] | [1,4] 
[3,4] | [3,8] [0,1] | [-3,0] 


two super interval matrices of same type. 


[0,3] |[-2,0]] [9.11] | [2.4] 
A+B=| [9,10] | [-1,0]| + | [3,4] | [14] 
[3.4] | [3,8] [0,1] | [-3,0] 


[9,14] | [0,4] 
= | [12,14] | [0,4] |. 
[3,5] | [0,8] 


A + Bisa super interval matrix of same type. For multiplication of 


two interval matrices we need to follow certain rules which will be 
described later. 


We will just illustrate super interval diagonal matrix. 


Example 2.10: 
[0,1] [-1,0] [2,5] | 0 0 
[9,12] [1,2] ]} 0 0 
P=| 0 0 0 |[7,9] [-1,0] 
0 0 0 | [3,4] [7,8] 
| 0 0 0 | [0,2] [-5,0] 
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P is super interval diagonal matrix or P is an interval super diagonal 
matrix. 


Example 2.11: Let 
[0,0] [0,0] 


[1.1] [0,0] 
[0,0] [11] 


I= | [0,0] 
[0,0] 


be a super interval diagonal matrix which is the super interval identity 
matrix or interval super identity matrix or super identity interval matrix. 
Now we will just illustrate how the transpose of a super interval 
matrix is obtained. 
Let 


[0,3] 


be a super column interval matrix. Transpose of V denoted by 


V'= [[0, 3] [4, 5] | [-7, 0] [-2, | [1, 3] | [9, 10] [-3, 1] [4, 5] | 
7 


[6, 7]]. 
Suppose 
Vv, 
Vo 
val, 
V4 
then 
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vi=[vi | vs | vi | vi] 


[-7,0] [9,10] 
vig [ere] ¥o=| E241] Vs= fL-30 
Sa acai (aaa bs 


s3] [4,5] 
and V4 = ((6, 7]). 


where 


V; =[6, 7] = Va. 
V; =({9, 10] [-3, 1] [4, 5]). 
V; =({[-7, 0] [-2, 4] [1, 3]) and 
V; =((0, 3] [4, 5)). 


Example 2.12: Let P = ({0, 3] [7, 8] [-l, 0] | [4,5] [-3, 2] | 
[-7, 1] | [8, 9] [V2,V17 ], [3, 12], [-1, 0]) be a super row interval matrix. 

P= {Py || Po || Ps. |) Pa) where. Py = ((0;°3] [753] Ft, 0), 
P, = ((4, 5], [-3, 2), Ps = [-7, 1] and Py = ((8, 9] [V2,VI7] 
[3, 12] [-1, OJ). 


P'=(P,/P21Ps|P.)'=[Pi | P| PS | Ps] 


where 
Pr 
Pp 
Pi =|— 
P; 
Pi 
where 
[0,3] 
- 2 AST ey 
P, =| [7,8] |, Pp = 3,2] , P; =[-7, 1] and 
[-1,0] : 
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[8,9] 


pt — | Lv2,v17] 
. [3,12] | 
[-1,0] 


Now we will find the transpose of any general super interval matrix. 


Example 2.13: Let 


[0,3] | [68] [4,5] 
[0,4] |[-7.4] (0,21) [M, |M, 

- [-3.1] [+10] lie a 
[2.51 | [27] [7,8] 


be a super interval matrix. 
Here 
[0,3] [6,8] [4,5] 
Ma ="), [O-4) ka Ma [= 7,4]. [0,21 «13 
[-1,0] (-3,1] [-1,0] 


M3 = [2, 5] and Mg = ([2, 7] [7, 8]). 


To find the transpose of M. 


where 
M; =[2,5]=M3, M; = ((0, 3] [0, 4] [-1, 0}), 
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Mi = a nae Re [-7,4] [-3,1] 
[7,8] [4.5] [0,2] [-L0] 


Example 2.14: Let 


[0,1] [6,7] | [2,3] 


[9] [3,8] |[-7,.01] [G, G, 
G=|(-7.3] [8.91 [-121)=|G, «a, 
[48] (-5.0| B51] |G, G, 


where 


[8,9] [3,8] [-7,0] 


Ge ee [8,9] Gx Hak 
[4,8] [-5,1] [3,5] 


G, = a a G= [2,3] | 


Gs = ([-1, 0] [-7, 8]) and Gs =[8, 12] 


be a super interval matrix. 


t 


[0,1] [6,7] | [2.3] | 
[8,9] [3,8] 
G'=|[-7,3] [8,9] 
[4,8]  [-5,1] 
[-1,0] [-7,8] 


[0,1] [8,9] |[-7,3] [4,8] | [-1,0] 
=1[6,7] [3,8] | [8,9] [-5.1] 


[2,3] [-7,0] | [-1,2] [3,5] | [8,12] 
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-|¢ G; ° 
Gt Gt Gt 


We give another example of a super interval diagonal matrix. 


Example 2.15: 
[0,4] [6,8] [-1,0]} 0 0 0 0 0 0 | 
1 [841 17.91} 0 Of] 0 oO 0 0 0 
[51] B71 B41} 0 0} 0 O 0 0 0 
0 oO 0 |B5 [79/0 oO Oo 0 0 
0 oO O |-LO[&1N} 0 0 0 0 0 

A=| 0 0 0 | 0 0 |[O9] [34] [-LO] 0 0 
0 0 0} 0 O | [0,2] [0,7] [31 0 0 
0 0 0 |} 0 O J[-L0] [68] [5,0] 0 0 
0 0 O01] 0 0 |4] 5] [07] 0 0 
0 0 010 0] 0 0 0 0 |fL2] B7] 
0 0 0] 0 O}] 0 0 0 0 JfO,5] [-L0] 


is a super interval diagonal matrix. 


Example 2.16: Let 


[0,3] [7.8]| 0 | 0 0 
[-1,0] [3,8] 


be the super interval diagonal matrix. 


Now 
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[0,3] [7.8]]} 0 | 0 0 
[-1,0] [3.8]| 0 | 0 0 


0 | o |[0,4] [-1,2] 
0 | O |[7,8] [9,10] 
0 | O | [3.4] [5,7] 


oo oO 


[0,3] [-10]| 0 0 0 0 


[7.8] [3,8] 0 0 0 
=| 0 0 0 0 0 |. 
0 0 [0,4] [7,8] [3,4] 


0 0 0 |[-L2] [9,10] [5,7] 


Next we see when ever we multiply two intervals in general the 
resultant may or may not belong to the usual form of intervals. 

For consider [-1, 2] and [-3, 0]. Their product is [-1, 2] [-3, 0] = [3, 
0] and [3, 0] is not the usual form of intervals. 


We over come this problem in two ways. 

We use only intervals of the form [0, a], 0 < a is the first method. 

The second method is define the notion of increasing and decreasing 
interval. 

We say [a, b] if a < b to be an increasing interval [a, b] in which a = 
b is a degenerate interval. 

[a, b] such that a > b is defined as the decreasing interval 
[-4, -9] is a decreasing interval. [5, 0] is a decreasing interval when we 
multiply them we get [-4, 9] x [5, 0] = [-20, 0] which is an increasing 
interval. Likewise we get the product of two increasing intervals to be a 
decreasing interval. Thus when we consider [-5, 0] and [-7, 1], two 
increasing intervals we see [-5, 0] x [-7, 1] = [35, 0] which is a 
decreasing interval. Hence if our collection of special intervals include a 
decreasing interval, increasing interval and a degenerate one we see this 
collection works well. 

This sort of matrices will not be discussed in this book. 
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Now we consider only super matrices with intervals of the form [0, 
a] where a € Z* U {0} or RR’ U {0} or Q’ VU {0} or Z, (N<). 


We can call them as positive interval super matrices or positive super 
interval matrices. Before we proceed onto define operations on them we 
will illustrate this situation by some examples. 


Example 2.17: Let A = ([0, 5] [0, 9] | [0, 12] [0, 14] [0, 98] | 
[0, 1012]) be a row positive interval super matrix with entries from Z” U 


10}. 


Example 2.18: Let B = ({0, V2] | [0. V7] [0, 5/3] [0, 3v3] 


(0, 3 V19]| [0, 100 + 5 V17] [0, 120/43 + V7 ]) be a positive row 
interval super matrix with entries from R* U {0}. 


Example 2.19: Let C = ((0, 7/2] [0, 9/5] [0, 12/13] | [0, 8] 
[0, 9/19] [0, 4] | [0, 3/7] [0, 81] [0, 40]) be a positive row interval super 
matrix. 


Example 2.20: Let S = ({0, 3] | [0, 2] | [0, 7] [0, 12] [0, 15] | 
[0, 16] [0, 14] | [0, 10] [0, 7]) be a row interval super matrix with entries 
from Zy7. 


Now having seen positive row interval matrix we now proceed onto 
give examples of positive column interval super matrix. 


Example 2.21: Let 

[0,9] 
[oss] 
= [0.7 / 2| 


[0,5V2 | 


[0.1743 | 


be a positive row interval super matrix with entries from R* U {0}. 
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Example 2.22: Let 


[0,1001] 
| [0,12] | 


be a positive column interval super matrix with entries from Z” U {0}. 


Example 2.24: Let 
[0,1] 
[0,2] 
[0,3] 
[0,5] 
[0.6] 
[0,4] 
[0,5] 
0,1] 
[0,6] 
[0,3] 


be a positive super column interval matrix with entries from Z7. 


[0,3] 
[0,7/2] 
[0,8/9] 
Example 2.23: Let T=| [0,12/13] 

[0,19] 

[0,8] 
[0,1] 
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be a positive column interval super matrix from Q* U {0}. 
Now we will give examples of positive super interval matrices 
before we proceed onto define operations using them. 


Example 2.25: Let 


be a positive super interval matrix with entries from Z45. 


Example 2.26: Let 


(o.V8]! [or] [0,41] [0,4] | 0,3+V17] [0,11] [0,4] 
P=|[o,v11]| [09] [014] [ov5+4] | [0,v19] [0,2] [0,7] 


[0,43] [0,V17/2] [0,V3+4V7]| [0,/23] [0,15] [0,9] 


be a positive super interval matrix with entries from R® U {0}. 


[0,3] 


Example 2.27: Let 


[0,3] [0,8] 
[0,0] [0,5] 

~ | [0,16] [0,14] 
(0,91) [0,101] 


[0,9] [0,1] 

(0,1021] [0,120] 

[0,401] [0,2] 
[0,3] [0,5] 


be a positive super interval square matrix with entries from 
ZU {0}. 


Example 2.28: Let 
| [0,1] 


[0,2] [0,5] [0,4] [0,2] 

— [0,3] [0,2] [0,5] [0,3] 
[0,4] [0,1] [0,1] [0,0] 

[0,5] [0,5] [0,5] [0,6] 

| [0,6] [0,2] [0,1] [0,0] 
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be a positive interval super square matrix with entries from Zs. 


Example 2.29: Let 


P= 


be a super positive interval square matrix with entrics from 
Ru {0}. 


Having seen examples of positive super interval matrices we will now 
illustrate how the product of a interval super row matrix with its 
transpose is determined. 


Example 2.30. Let A = ({0, 3] | [0, 5] [0, 1] [0, 12] | [0, 10] 
[0, 1] [0, 0] [0, 2]) super row positive interval matrix with entries from 
VagG ete 


A= ([0, 3] | [0, 5] [0, 1] [0, 12] | [0, 10] [0, 1] [0, 0] [0, 2))' 


10.377 
[0,5] 
[0.1] 
[0,12] 
[0,10] 
[0.1] 
[0,0] 
[0,2] 


is the transpose of A which is a positive column interval super matrix. 


Now we will find the product 
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AAT = 


([0, 3] | [0, 5] [0, 1] [0, 12] | [0, 10] [0, 1] [0, 0] [0, 2]) x 
[0,3] 
[0,5] 
[0,1] 
[0,12] 
[0,10] 
[0,1] 
[0,0] 
| [0,2] 


[0,5] 
([0, 3] x [0, 3] + ({0, 5] [0, 1] [0, 12]) x a - 
[0,12] 
[0,10] 
[0,1] 
[0,0] 
[0,2] 


({0, 10] [0, 1] [0, 0] [0, 2]) x 


([0, 9] + (0, 5] x [0, 5] + [0, 1] x [0, 1] + [0, 12] x 
[0, 12]) + ({0, 10] x [0, 10] + [0, 1] [0, 1] + [0, 0] [0, 0] 
+ [0, 2] x [0, 2]) 


({0, 9] + [0, 25] + [0, 1] + [0, 144]) + (0, 100] + [0, 1] 
+ [0, 0] + [0, 4]) 

[0, 179] + [0, 105] 

[0, 284]. 


Now always the product of a positive super row interval matrix with its 
transpose can be found and it will always be an interval which is also 
positive and is of the form [0, a]. 


Example 2.31: Let P = ({0, 4] [0, 2] | [0, 7] [0, 8] [0, 0] [0, 1] | [0, 5] [0, 
3] [0, 9]) be a super row positive interval matrix with entries from Z;9. 


To find AA‘. 
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[ [0,4] 
[0,2] 
[0,7] 
[0,8] 
A‘=|[0,0]| . 
[0,1] 
[0,5] 
[0,3] 
| [0,9] 
([0, 4] [0, 2] | [0, 7] [0, 8] [0, 0] [0, 1] | [0, 5] [0, 3] 
[0,4] 
[0,2] 
[0,7] 
[0,8] 
[0, 9]) | [0,0] 
[0,1] 
[0,5] 
[0,3] 
L[0,9] | 
(({0, 4] [0, 2]) Hea + ((0, 7] [0, 8] [0, 0] [0, 1]) 
[0,2] 
[0.7] [0,5] 
Sly ({0, 5] [0. 3] [0, 9] i] 
[0,0] 
[0,9] 
[0,1] 


((0,16] + [0, 4]) + ((0, 49] + [0, 64] + [0, 0] + [0, 1]) + 
({0, 25] + [0, 9] + [0, 81]) (mod 10) 

[0, 0] + [0, 4] + [0, 5] (mod 10) 

[0, 9]. 
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Example 2.32: To find A‘ with A where A = ([0, 3] [0, 2] | [0, 7] | [0, 1] 
[0, 8] [0, 5]). Now 


10,311 
[0,2] 
jes [0,7] 
[0,1] 
[0,8] 
[9,5] | 
is the transpose of A. 
To find 
[ [0,3] 
[0.2] 
t [0,7] 
A'x A= 0.1] x ([0, 3] [0, 2] | [0, 7] | [0, 1] [0, 8] [0, 5). 
[0,8] 
| [0,5] 
{£0.37 ] [0,3] | 
(0.2) ff 3 Coats) 
=| [0,7]([0,3][0, 2]) [0,7](L0, 1][0,8][0,5]) 
[ [0,1] | [0,1] 
[0,8] [0,8] |([0,1][0,8][0, 5]) 
[10.5] [0,5] 


[ [0,9] [0,6] | [0,21] | [0,3] [0,24] [0,15] ] 
[0.6] [0,4] | [0,14] | [0,2] [0,16] [0,10] 
_ | [0,21] [0,14] | [0,49] } [0,7] [0,56] [0,35] 
| [0,3] [0,2] | [0,7] | (0.1) [0.8] [0,5] |” 
[0,24] [0,16] | [0,56] | [0,8] [0,64] [0,40] 
| [0,15] [0,10] | [0,35] | [0,5] [0,40] [0,25] 
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Example 2.33: Let 
[0,2] 
[0,1] 
[0,5] 
S=| [0,7] 
[0,1] 
[0,11] 
[0,10] | 


be a positive row interval super matrix. 


S‘ = ({0, 2] [0, 1] [0, 5] | [0, 7] [0, 1] [0, 11] [0, 10]) 


Now 
| [0,2] | 
[0,1] 
[0,5] 
SS'= | [0,7] | ({0, 2] [0, 1] [0, 5] | [0, 7] [0, 1][0, 11] [0, 10]) 
[0,1] 
[0,11] 
| [0,10] | 
[0,2] [0,2] ] 
1 eaten t}artestesa00 
[0,5] [0,5] 
=| [0,7] [0,7] 
tf ([0, 2][0,1][0,5]) oa ([0,7][0,1][0,1 1][0,10}) 
[ [0,10] [0,10] 
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[0,4] [0,2] [0,10] 
[0,2] [0,1] [0,5] 
[0,10] [0,5] [0,25] 
[0,14] [0,7] [0,35] 
[0,2] [0,1] [0,5] 
[0,22] [0,11] [0,55] 

[0,20] [0,10] [0,50] 


[0,14] [0,2] [0,22] [0,20] 
[0,7] [0,1] [0,11] [0,10] 
[0,35] [0,5] [0,55] 
[0,49] [0,7] [0,77] 
[0,7] [0,1] [0,11] 
[0,77] [0,11] [0,121] [0,110] 
[0,70] [0,10] [0,110] [0,100] 


We have just shown how product of a row super interval positive matrix 
with its transpose is defined. Likewise the product of a column positive 
super interval matrix with its transpose also is illustrated. 


Now we will exhibit how the product of a positive column interval super 
matrix with a positive row interval super matrix is carried out. 


Example 2.34: Let 


be a super positive column interval matrix and Q = ({0, 3] [0, 1] [0, 2] | 
[0, 1] [0, 2] | [0,3] [0, 4] [0, 0] [0, 0] | [0, 5]) be a positive row interval 
super matrix. To find the product 

| [0, 2] 

[0,1] 

[0,0] 

PQ= [0.1] ([0, 3] [0, 1] [0, 2] | [0, 1] [0, 2] | [0,3] [0, 4] [0, 0] 
[0,2] 


| [0,0] 


[0, 0] | [0, 5]) 
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[[0,21((0,3][0,11[0,2]) | [0,2](L0,11f0,21[0,3][0,410,0) _ | [0,2][0, 


[ [0,1 
al feoatoane.2p ([0,1][0,2][0, 3][0, 40, 0) 


[0,0] LI9, | 
| [0,1] [0,1] | | [0,1] 
naememo ma ([0,1][0,2}[0,3][0, 4]0, 0) taps 
[0,0] [0,0] | [0,0] 
[[0,6] [0,2] [0,4] | [0,2] [0,4] [0,6] [0,8] 0 0 | [0,10]| 
[0,3] ] [0,2] [0,3] [0,4] 0 0 

_| [0,0] ] 0 0 

~|[0,3] [0,1] [0,2] } [0,1] [0,2] [0,3] [0.4] 0 0} [0,5] 
[0,6] [0,2] [0,4] | [0,2] [0,4] [0,6] [0,8] 0 0 | [0,10] 
| 0 0 0 0 0 0 0 0 0| [0,0] | 


Now we will illustrate by some examples the product of a positive row 
interval super matrix with a positive row interval super matrix. 


Example 2.35: Let V = ([0, 1] [0, 6] [0, 2] | [0, 3] | [0, 5] [0, 6] [0, 1] [0, 
4]) be a positive row interval super matrix. 

Let 

| [0, 5] 

0, 2] 

[0.3] 

w- | Od 

0, 2] 

[0,8] 

[0, 2] 


| [0,5] 


be a positive super column interval matrix. To find the product 
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esi 
[0, 2] 
[0, 3] 
[0.1] 
V.W = ([0, 1] [0, 6] [0, 2] | [0, 3] | [0, 5] [0, 6] [0, 1] [0, 4) [0,2] 
[0,8] 
[0, 2] 
| [0, 5] | 
[0,5] 
= (0, 1] [0, 6] [0, 2]) wa] + ((0, 3]) ((0,1]) + (0, 5] [0, 6] 
[0,3] 
[0, 2] 
[0, 1] [0, 4]) ,8) 
[0, 2] 
[0,5] 
= ({0, 5] + [0, 12] + [0, 6]) + [0, 3] + ({0, 10] + [0, 48] + 
[0, 2] + [0, 20]) 


= [0,23]+[0,3]+[0,80]= [0, 106]. 


Example2.36: Let 
[0,1] | [0,1] [0,3] | [0,1] [0,1] [0,1] 
[0,2] | [0,3] [0,1] | [0,2] [0,0] [0,1] 
[0,3] | [0,4] [0,2] | [0,0] [0,1] [0,0] 
[0,4] | [0,2] [0,4] | [0,1] [0,0] [0,0] 


X= 


and 


[[0,2] [0,1] | 
[0,3] [0,1] 
[0,1] [0,0] 
[0,2] [0,1] 
[0,1] [0,2] 
| [0,1] [0,1] | 
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be two positive super interval matrices. 


To find the product 


[0,1] | [0,1] [0,3] | [0,1] [0,1] [0,1] 

— | [0,2] | [0,3] [0,1] | [0,2] [0,0] [0,1] 
aa [0,3] | [0,4] [0,2] | [0,0] [0,1] [0,0] 
[0,4] | [0,2] [0,4] | [0,1] [0,0] [0,0] 


[0,1] [0,1] [0,3] 


al ([0, 2] [0, 1]) + 
POs |i re [0,4] [0,2] 
[0,4] [0,2] [0,4] 


[0,1 


[0,2] [0,0] [0,1] 

[0,1] [0,2] 
[0,0] [0,1] [0,0] 
[0,1] [0,0] [0,0] 


[0,2] [0,1] [0,6] [0,1] | [0,4] 
2 [0,4] [0,2] [0,10] [0,3] ‘e [0,5] 
[0,6] [0,3] [0,14] [0,4] [0,1] 
[0,8] [0,4] [0,10] [0,2] | [0, 2] 


[0,12] [0,6]] 
| [0,19] [0,8] 
~ | [0,21] [0,97] 

[0,20] [0,7] 


Example 2.37: Let 
X= ([0, 5] | [0, 0] [0, 1] | [0, 1] [0, 1] [9, 


4] 


[0,3] [0,1] ee vad 


] [0,0] 


[0,4] 
[0,3] 
[0,2] 
[0,1] 


1) 


and 
[ [0,1] [0,1] [0,2] [0.1] | 
[0,1] [0,0] [0,2] [0,4] 
[0,0] [0,1] [0,0] [0,3] 
[0,1] [0,1] [0,0] [0,0] 
[0,1] [0,0] [0,1] [0,1] 
1[0,0] [0,1] [0,0] [0,1] | 


be two positive super interval matrices. 


To find 


XY = ([0, 5] | 0, 0] [0, 1] | [0, 1] [0. 1] [0, 1]) x 
[0,1] [0,1] [0,2] [0,1] 
[0,1] [0,0] [0,2] [0,4] 
[0,0] [0,1] [0,0] [0,3] 
[0,1] [0,1] [0,0] [0,0] 
[0,1] [0,0] [0,1] [0,1] 
[0,0] [0,1] [0,0] [0,1] | 


=[0, 5] ((0, 1) [0, 1] [0. 21 [0, 1D 
[0,1] [0,0] [0,2] [0,4] 
* 0, OF[0, 1D) ie [0,1] [0,0] al 
[0,11 [0,1] 10,0) {0,0} 
+ (0,1) (0,1) (0, 1) | (0.1) [0.0] (0.1) (0.1 
[0,0] [0,1] [0,0] [0,1] 


=  ([0, 5] [0, 5] [0, 10] [0, 5}) + ([0, 0] [0, 1] [0, 0] [0, 3}) 
+ ((0, 2] [0, 2] [0, 1] [0, 2]) 
= ({0, 7] [0, 8] [0, 11] [0, 10]). 


Example 2.38: Let 
x= [0,1] | [0,2] [0,1] | [0,1] [0,2] [0,3] 
[0,3] | [0,1] [0,2] | [0,3] [0,1] [0,1] 
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be a interval positive row matrix and 


[ [0,1] [0,1] [0,2] [0,1] | 
[0,1] [0,0] [0,2] [0,4] 
— | [0,0] [0,1] [0,0] [0,3] 
[0,1] [0,1] [0,0] [0,0] 
[0.1] [0,0] [0,1] [0,1 
[0,0] [0,1] [0,0] [0,1] | 


a aa) 


Ko se 


= 


be a positive interval super column matrix. 
To find 


X.Y = 

( [0,1] [0,1] [0,2] [0,1] 

0,1] [0,0] [0,2] [0,4] 

ee [0,2] [0,1] | [0,1] [0,2] er [0,0] [0,1] [0,0] [0,3] 
[ 


[0,3] | [0,1] [0,2] |} [0,3] [0,1] [0,1] }} [0,1] [0,1] [0,0] [0,0] 
[0,1] [0,0] [0,1] 
|[0,0] [0,1] [0,0] 


[0,1] 
[0,1] 


— | 0.1 0,1] [0,1] [0.2] [0,1 
~ 10,3] ({0,1] [0,1] [0.2] [0,1]) 


, [£0.21 [0.11] [£0.11 [0,0] [0,2] [0.4] 
[0,1] [0,2]} [[0,0] [0,1] [0,0] [0,3] 


[101] [0.21 [0.31 ae fe ey i 
[0,3] [0.1] [01] ]} , , , 


[0,0] [0,1] [0,0] [0,1] 


_| [0,1] [0,1] [0,2] [0,1] 
[0,3] [0,3] [0,6] [0,3] 
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4 {10521 (0.1) [0,4] [O11] ) | | 10,3) [0,4] [0,2] [0,5] 
[0,1] [0,2] [0,2] [0,10]] [[0,4] [0.4] [0,1] [0,2] 


_ | [0,6] [0,6] [0,8] [0,17] 
7 [0,8] [0,9] [0,9] [0,15] | 


Now we will show how the product of super positive interval column 
vector with a positive super interval row vector is carried out. 


Example 2.39: Let 

[0,1] [0,2] 
[0,1] [0,1] 
[0,1] [0,2] 
[0,1] [0,2] 
[0,0] [0,1] 
[0,1] [0, 2]| 


be a positive super interval column vector. 


[0,1] [0,1] [0,1] | [0,1] [0,0] | [0,1] 
(0,2] [0,1] [0,2] |} [0,2] [0,1] | [0,2] 


be a positive super interval row vector. 


[ [0,1] [0,2]] 
[0,1] [0,1] 


saps [0,1] [0,2] : [0,1] [0,1] [0,1] | [0,1] [0,0] | [0,1] 
[0,1] [0,2] [0,2] [0,1] [0,2] | [0,2] [0,1] | [0,2] 
[0,0] [0,1] 


[0,1] [0,2] 
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| 
| 


i [0.2] 0,1] [0,1] [0,1 
(Y(t) be a ne 
(0.1) {0,2 [0,2] [0,1] [0,2] 


[0,1] [0,2] 
[0,0] [0,1] 


[0,1] [0,1] [0,1] 
[0,2] [0,1] [0,2] 


' 1] [0,2] 


[0,1] [0,1] 
[0,1] [0,2] 


[0,1] [0,2])/ [0,1] [0,0] 
[0,0] [0,1] )\[0,2] [0,1] 


[0,1] [0,0] 
te #9) fat 


[[O,1| [0,2] 


{[0,1] [0,2] 


[0,1] [0, a} 


[0,0] [0,1] 


[0,1] 

[0,2] 
[0,1] 
[0,2] 


| 


[0,1] [0,1] [0,1] 


comoan} [ON] [0,2] 


| 


10.5) 
[0.3] 
[0.5] 
(0.51 
[0.2] 

| (0.51 


0,3] 
0,2] 
0,3] 
0,3] 
[0,1] 
[0,3] 


[0,5 
[0,3 
[0,5 
[0,5 
[0,2 
[0,5 


Ce I eee eee A ee 


eafeSqu aye a so 


Example 2.40: Let 
[0,3] 
[0,2] 
— | [0,1] 
[0.6] 
[0,4] 
[ [0, 5] 


([0, 1][0, a 


0,1] [0,0 
cee , ({0,1[0,2]) 


[0,2] [0,1] 


[0,2] 
[0,1] 
[0,2] 
[0,2] 
[0,1] 
[0,2] 


0, 
0 


[ 
[ 
[0 
[0, 
[0, 


[0,0] 


be a positive super interval column vector. Let 


[0,3] 
[0,1] 
[0,0] 


[0,5] 


z 


[0,3] 
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[0,2] 
[0,1] [0,2] 
[0,1] 


[0,0] 
[0,2] 
[0,0] 


| 


[0,1] 


| 


[0,2] 


| 


be a positive super interval row vector. 


To find the product X.Y. 


[0,3] [0,1] [0,6] 

[0,2] [0,0] [0,0] 

(0 er Os eee 
XY= .| [0,1] | [0.1] [0,2] [0,2] 

WSS lO,2 1-122 0,0] | [0,3] [0,1] [0,0] 

[0,4] [0,2] [0,1] [0, : : ; 

[[0,5] [0,1] [0,0] 


[0,2] [0,0] [0,0] 


l [0,3] [0,5] [0,2] 
[0,3] [0,1] [0,6] 01) [0,3] [0,1] [0,6] 
[0,2] [0,0] [0,0] (0, 

[0,0] [0,3] [0,1] 


[0,1] [0,2] [0,2] 


[0,3] 
([0,1][0, 2][0, 3]}} [0,1] 
[0,0] 


[0,6] [0,3] [0,0] )j [0,3] 
[0,4] [0,2] [0,1] }) [0,1] 


[0,5] [0,1] [0,0] }} [0,0] 


[0,4] [0,2] [0,1] 
[0,5] [0,1] [0,0] 


[0,1] [0,2] 
[0,3] [0,1] 


[0,10] | [0,34] [0,14] [0,2]] 
[0,6] | [0,10] [0,4] [0,0] 


[0,5] | [0,16] [0,9] [0,4] 
[0,21] | [0,33] [0,18] [0,6] |” 
[0,14] | [0,25] [0,13] [0,4] 
[ [0,16] | [0,26] [0,12] [0,2] | 


[0,5] [0,2] [0,0] 
((0,1][0,2][0,3])| [0,1] [0,2] [0,2] 
[0,3] [0,1] [0,0] 


i [0,3] | [0,2] [0,0] 


Now we will find the product of a positive interval super matrix X and 


xt 


46 


Example 2.41: Let 


[0,1] | [0, [0,1] ] 
[0,2] 


[0,1] [0,3] [0,2] [0,2] 
X= | [0,4] [0,2] [0,1] [0,1] 
[0,2] [0,3] [0,2] [0,3] 
[0,3] [0,1] [0,4] [0,2] 
[0,2] [0,2] [0,1] [0,3] 


be a positive super interval matrix. We now find X' and then calculate 
X'X. 


[ [0,1] [0,2] | [0,1] [0,4] [0,2] [0,3] | [0,2] 
[0,2] [0,3] | [0,4] [0,1] [0,3] [0,4] | [0,1] 
_ | [0,1] [0,1] | [0,2] [0,3] [0,2] [0,1] | [0,2] 
[0,3] | 
[0,2] 
[0,2] 


[0,3] [0,2] [0,2] [0,3] [0,1] | [0,2] 
[0,2] [0,1] [0,1] [0,2] [0,4] | [0,1] 
| [0,1] [0,2] [0,1] [0,3] [0,2] | [0,3] 


is the transpose of X. Now in X'X the first row of X' with that of the first 
column of X is given by 


1 
e's 
oe 


=a 
oO 
am 
= 


wWN fA } 
cas as phe 


([0, 1] [0, 2] | [0, 1] [0, 4] [0, 2] [0, 3] | [0, 2)) 


a 
SSS 


= 
S 

i) 
pair 
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[0,1] 
[0,2] 


»2] 
, 30] + [0, 4] 


+ ((0, 1] [0, 4] [0, 


Product of first row of X' with 2™ column of X. 


([0, 1] [0, 2] | [0, 1] [0, 4] [0, 2] [0, 3] | [0, 2}) 


0,2] [0,1 
= ([0, 1] [0, 2]) t a } 


[0,3] [0,1] 


(0,4) 
+ ((0, 1] [0,4] [0,2] [0, 3 |" 
[0,3] 
[0,4] 
+ [0,2] (0, 11 [0,2 


(0, 36] [0, 28]). 


The product of first row with third column 
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[0,2] 
[0,3] 
[0,2] 
[0,1] 


2][0, 3) |. 


[[0,2] 
[0,3] 


[0,4] 


[0,1] 
[0,3] 
[0,4] 


[0,1] 


([0, 8] [0, 3]) + ([0, 26] [0, 21]) + ((0, 2], [0, 4]) 


[0,2] 


[0,1] 
[0,4] 
[0,2] 
[0,3] 


[0,1] | 
[0,1] 
[0,2] 
[0,3] 
[0,2] 
[0,1] 


([0, 1] [0, 2] | [0, 1] [0, 4] [0, 2] [0, 3] 


= (0, 1] [0, »( 


we xo 


ey 


+ ((0, 1] [0, 4] [0, 2] [0, 3]) 


a Y S 
ot 


+ [0, 2] ([0, 
= ([0, 7] 


[0,2] 
[0,1] 


[0,2] [0,3] 


[0,2] 


1[0, 5]) + ({0, 20] [0, 22] [0, 18]) + 
({0, 41, [0, a »6 
= ({0, 31] [0,2 


The product of second row of X' with first column of X. 


[0,2] 
[0,1] 


_([0,2] [0,3] 
(0,1) [0,1] 


[0,3] [0,4] )| [0,4] 
[0,2] [0,1] 


[0, 1] 


[0,2] 
[0,3] 


ui 
0.21 
[0,1] 
as 
> [0,2] 
[0,3] 
[0,2] 2) 


[0,3] [0,2] e| 
[0,2] [0,1] [0,2] 
[0,3] [0,2] [0,2] 
[0,2] [0,1] [0,1] 
[0,3] [0,2] - 
[0,1] [0,4] [0,2] 
[0,2] [0,1] 7s 


[0,1] 
(oa 
el pe ial 
= + + 
[0,3]} ({0,21]) | [0,4] 


_ { [0,36] 

‘ a 7 | 
The product of second row of X' with second column of X. 
[0,2] [0,1] ] 
[0,3] [0,1] 
[0,4] [0,2] 
[0,1] [0,3] 
[0,3] [0,2] 
[0,4] [0,1] 
[0,1] [0,2] 


[0,2] [0,3] | [0,4] [0,1] [0,3] [0,4] | [0,1] 
[0,1] [0,1] | [0,2] [0,3] [0,2] [0,1] | [0,2] 


+ 


[0,4] [0,2] 
_ aa fale ote [0,1] [0,3] i [0.1] [0,3 
[0,1] [0,1] \{0,3] [0,1]) \[0,2] [0,3] [0,2] [0,1] }} [0,3] [0,2] 
[0,4] [0,1] 
Hoo }e@uto2d 
[0,2] 


_ ((0,13] [0,5]) ([0,42] [0,21] F [0,1] [0,2] 
= [0,5] [0,2] i [0,21] [0,18]) \[0,2] [0,4] 
_ — ([0,56] [0,28] 

[0,28] [0,24] ]° 
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The product of 2™ row of X' with 3“ column of X. 


[0,1] 


[0,1] 


[0,2] [0,3] | [0,4] 
[0,2] 


[0,1] 
[0,3] 


[0,3] 
[0,2] 


[0,4] 
[0,1] 


[0,1] 
[0,2] 


[[0,3] [0,2] 
[0,2] [0,1] 
[0,3] 
[0,2] 
[0,3] 
[0,1] 


[0,1] 
[0,2] 
[0,4] 


[0,2] 


[0,2] [0,1] 


[0,1] ] 
[0,2] 
[0,2] 
[0,1] 
[0,3] 
[0,2] 
[0,3] 


_ ((0,2]1 [0.3}\( [0,3] 
= (ion Sal 
[0,3] 
[0,2] 
[0,3] 
[0,1] 


[0, 2] oo a [0,1] [0,3] 


[0,4] 
[0,1] [0,2]) \[0,2] [0,3] [0,2] 


[O11 ) 


Load 


0,2] [0,2] 
0,1] [0,1] (a 
-2] [0,3]} 10,2] 
»4] [0,2] 


—_ 


Jco.2xo.u00.p 


a 


0 
0 
[0,12] [0,7] [0,8] it [0,27] [0,31] [0,26] is [0,2] [0,1] [0,3] 
[0,5] [0,3] [0,3]) \[0,19] [0,15] [0,15])/ \[0,4] [0,2] [0,6] 


[0,41] 
[0,28] 


[0,39] 
[0,20] 


[0,37] 
[0,24] ) 


The product of 3 row of X with first column of X. 


[0,3] 
[0,2] 
[0,1] 


[0,2] 
[0,1] 
[0,2] 


[0,3] [0,2] 
[0,2] [0.1] 
[0,2] [0,1] 


[0,3] 
[0,2] 
[0,3] 
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[0,1] 
[0, 4] 
[0, 2] 


[0,2] 
[0,1] 
[0,3] 


| 


| [0,1] 


[0,2] 


[0,2] 
(0.1] 
[0.4] 
0,2] 


0,3] 


_— 


[0,7] [0,20] [0,4] 
[0,4] |+] [0,22] | +] [0,2] |. 
[0,5] [0,18] [0, 6] 


[0,31] 
[0,28] 
[0,29] 


The product of third row of X' with second column of X. 


[[0,2] [0,1] ] 
[0,3] [0,1] 
[0,3] [0,2] [0,3] [0,1] | [0,2]) |[0,4] [0,2] 
[0,2] [0,1] [0,2] [0,4] 
[0,2] [0.1] [0,3] [0,2] 


[0,2] [0,1] 
[0,1] [0,2] 


[0,1] | | [0,1] [0,3] 
[0,3] } | [0,3] [0,2] 
[0,4] [0,1] 
[0,1] [0,2] 


—_ 


‘ 3] [0,2] 


[0,12] [0,5]] [[0,27] [0,19]] /[0,2] [0,4] 
= | [0,7] [0,3] ]+] [0,31] [0,15] ]+ [0,1] [0,2] 
L[0,8] [0,3]} [[0,26] [0,15]] [[0,3] [0,6] 


[[0,41] [0,28] 
= |[0,39] [0,20]]. 
[0,37] [0,24] 


The product of 3“ row of X' with third column of X. 


[0,3] [0,2] [0,3] [0,1] 
[0.2] [0,1] [0,2] [0,4] 
[0,2] [0,1] [0,3] [0,2] 


[0,2] [0,1] 


[0,3] [0,2] 
[0,1] [0,2] 


[0,2] 
[0,1] | x 


[0,3] 
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| [0,3] 
[0,2] 
[0,3] 
[0,2] 
[0,3] 
[0,1] 


[0,2] 
[0,1] 
[0,2] 
[0,1] 
[0,2] 
[0,4] 


[0,2] 


[0,7] 
[0,4] [0,2] 
[0,2] [0.1] 
[0,6] [0,3] 
[0,40] 
[0,28] 


[0,32] 


[0,5] 


[0,6] 
[0,3] 


[0,9] 


[0,13] 
= [0,8] 


[0,28] 
[0,31] 
[0,26] 


Thus 
[0,39] 
[0,36] 
_ | [0,28] 
~ 170,31] 
[0,28] 
[0,29] 


[0,36 
[0,56 
[0,28 
[0,41 
[0,39 
[0,37 


t 


a a a ea ee 


[0,7] 
[0,4] |+ 


[0,32] 
[0,26] |. 


[0,32] 


[0,1] 


[0,28] 
[0,28] 
[0, 24] 
[0,28] 
[0,20] 
[0,24] 


[0,23] 
[0,18] 
[0,19] 


[0,18] 
[0,25] 
[0,19] [0,18] 


[0,31] 
[0,41] 
[0,28] 
[0,40] 
[0,28] 
[0,32] 


[0,19] 
[0,19] 


r 


[0,29] | 
[0,37] 
[0,24] 
[0,32] | 
[0, 26] 
[0,32] | 


Now we give the product of X and Y where X and Y are positive super 


interval matrices. 
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Example 2.42: Let 


[ [0,1] 
[0,3] 


[0,1] [0,2] 


[0,1] [0,3] [0,1] 
X= | [0,2] 03 [0,1] | [0,2] [0,0] ] 
[0,3] | [0,4] [0,2] | [0,0] [0,1] [0,0] 


ete ets 


[0,4] | [0,2] [0,4] | [0,1] [0,0] [0,0] 
[0,5] a [0,1] | [0,1] [0,1] [0,1] 
and 
[0,1] [0,1] [0,2] [0,1] | [0,2] [0,1] | [0,3] [0,1] [0,0] ] 
[0,1] [0,0] [0,2] [0,4] | [0,3] ic [0,4] [0,1] [0,1] 
yaw: | L020] [0,1] [0,1] 
[0,1] [0,2] [0,1] [0,2] [0,1] 
[0,1] [0,0] [0,1] [0,1] | [0,1] 2 [0,2] [0,1] [0,2] 
[[0,0] [0,1] [0.0] [0,1] | [0.1] ie [0,1] [0,0] [0,0] | 


be two positive super interval matrices. Now we find the major product 
of X and Y. 


The product of first row of X with first column of Y gives 


[0,1] [0,1] [0,2] [0,1] | 
[0,1] [0,0] [0,2] [0,4] 
he [0,2] [0,1] | [0,1] [0,2] Aa [0,0] [0,1] [0,0] [0,3] 
[0,3] | [0,1] [0,2] ] [0,3] [0,1] [0,1] ]] [0,1] [0,1] [0,0] [0,0] 
[0,1] [0,0] [0,1] [0,1] 
[0,0] [0,1] [0,0] [0,1] | 


7 [0.1] 0, 1] [0, 1] [0, 2] [0, 1 
oat [0,3] ([0, ] (0, ] [0, ] (0, )) 
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, {E21 (011) | £01) [0,0] [0,2] [0,4] 
[0,1] [0,2]] [0,0] [0,1] [0,0] [0,3] 


|e fan ten 1 a oa 
[037 [0 (ON 6 oy fot) [0.0] [0.1] 


_ le [0,1] [0,2] [0,1 
[0,3] [0,3] [0,6] [0, 


] 
3] 
ie [0,4] [0,2] [0, | 
2] 


[0,1] [0,1] [0,0] [0 y 


[0,4] [0,4] [0,1] [0 


= [0,6] [0,6] [0,8] [0,17] 
[0,8] [0,9] [0,9] [0,15]]| 


[[0,2] [0,1] | 
[0,3] [0,1] 
[0,1] | [0,2] [0,1] | [0,1] [0,2] [0,3]]| [0.1] [0,0] 
ee [0,1] [0,2] | [0,3] [0,1] aa 0,2] [0,1] 
[0,1] [0,2] 
| [0.1] [0,1] | 


eel ({0.2] [0,1]) + a Aaa ot). 
- [0,1] [0.2]}\ [0.1] [0,0] 


[0,2] [0,1] 
[0,1] [0,2] [0,3] 

[0,1] [0,2] 
[0,3] [0.1] [0,1] 


—_ 


[0,1] [0,1] 
.2] [0, A) [0,7] [0,2] . [0,7] [0,8] 
»6] [0,3] “Ito, 5] [0,1] ] [[0,8] [0,6] 


[0,16] [0,11] 
[0,19] [0,10] |” 


SP) 


EZ I) LOE TOTS LOM 
[0,1] [0,2] [0,2] [0,10] 


Consider the product of first row with third column 


[[0,3] [0,1] [0,0]| 
0,4] [0,1] [0,1] 
0,1] [0,2] [0.1] 
0,1] [0.2] [0.1] 
0,2] [0,1] [0,2] 
| [0,1] [0,0] [0,0] | 


0,1 0,2] [0,1] ][[0,4] [0,1] [0,1 
_ f | Cositoane.0p +! imal il ] [0,1] [ i 
[0,3] [0,1] [0,2]|] [0,1] [0,2] [0,1] 


0,1 0,2 0.1 
+(e [0,2] sate [0,2] mi 


—_ 


[0,1] | [0,2] [0,1] | [0,1] [0,2] [0,3] 
[0,3] | [0,1] [0,2] | [0,3] [0,1] [0,1] 


= S| 


_ 


[0,2] [0,1] [0,2] 
[03] [011 LM} 19 1) 0,0] [0,0] 


+ 


i 3] [0,1] [0, | 


[0,9] [0,4] [0,3]) (10.8) [0,4] [0,5] 
[0,9] [0,3] [0,0] 


[0,6] [0,5] [0,3]) \[0,6] [0,7] [0,5] 


[0,20] [0,9] [0,8] 
[0,21] [0,15] [0,8])° 


The product of second row of X with the second column of Y 


[0,2] [0,1] | 
[0,1] | [0,1] [0,3] | [0,1] [0,1] [0,1] ]} [0,3] [0,1] 
[0,2] | [0,3] [0,1] | [0,2] [0,0] [0,1] || [0,1] [0,0] 
[0,3] | [0,4] [0,2] | [0,0] [0,1] [0,0] |} [0,2] [0,1] 
[0,4] | [0,2] [0,4] | [0,1] [0,0] [0,0] |] [0,1] [0,2] 
[ [0,1] [0,1] | 
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[0,1] [0,1] [0,3] 
_ | [0,2] [0,3] [0,1] 
~  |10,3] ([0, 2] [0, 1]) + [0,4] | 
[0,4] [0,2] [0,4] 
[0,1] [0,1] [0,1] Et ns 
[0,2] [0,0] [0,1] 
[0,1] [0,2] 
[0,0] [0,1] [0,0] 
[0,1] [0,1] 
[0,1] [0,0] [0,0] 
[[0,2] [0,1] ] [ [0,6] [0,1] ] [0,4] 
Z [0,4] [0,2]} | [0,10] [0,3] 4 [0,5] 
[0,6] [0,3]} | [0,14] [0,4] [0,1] 
[[0,8] [0,4] } [|[0,10] [0,2]} |[0,2] 
[ [0,12] [0,6] 
z [0,19] [0,8] 
[0,21] [0,9] | 
[[0,20] [0,7] 
The product of the 2"* row with last column of Y. 
| [0,3] 
[0,1] | [0,1] [0,3] | [0,1] [0,1] [0,1] |} [0,4] 
[0,2] | [0,3] [0,1] | [0,2] [0,0] [0,1] |) [0,1] 
[0,3] | [0,4] [0,2] | [0,0] [0,1] [0,0] |} [0.1] 
[0,4] | [0,2] [0,4] | [0,1] [0,0] [0,0] || [0,2] 
| [0,1] 
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[0,3] 
[0,1] 


[0,4] 
[0,3] 
[0,2] 
[0,1] 


ae 
[0.0] 


[0,1] [0,1] [0,3] 
0,2 0,3] [0,1] |] [0,4] [0,1] [0,1 
_ | [0,2] ({0, 3] (0, 1] (0, 0) + | 1 | af ] [0,0 [ 1 
[0,3] [0,4] [0,2] ]|. [0,1] [0,2] [0,1] 


[0, 4] [0,2] [0,4] 


[0,1] [0,1] [0,1] 

[0,2] [0,0] [0,1] ae [0,2] [0,1] 
[0,0] [0,1] [0,0 , 

[0,1] [0,0] [0,0] 


[0,3] [0,1] [0,0] [0,7] [0,7] [0,4] [0,4] [0,3] [0,3] 
_| [0,6] [0,2] [0,0] [0,13] [0,5] [0,4] [0,3] [0,4] [0,2] 
~ | [0,9] [0,3] [0,0] [0,18] [0,8] [0,6] [0,2] [0,1] [0,2] 
[0,12] [0,4] [0,0] [0,12] [0,10] [0,6] [0,1] [0,2] [0,1] 


[0,14] [0,11] [0,7] 
_ | [0,22] [0,11] [0,6] 
7 [0,29] [0,12] [0,8] |” 
[0,25] [0,16] [0,7] 


The product of 3™ row of X with first column of Y 


[0,1] [0,1] [0,2] [0,1] | 
[0,1] [0,0] [0,2] [0,4] 
[0,0] [0,1] [0,0] [0,3] 
[0,1] [0,1] [0,0] [0,0] 
[0,1] [0,0] [0,1] [0,1] 
[0,0] [0,1] [0,0] [0,1] | 


([0, 5] | [0, 0] [0, 1] | [0, 1] [0, 1] [0, 1) 


= [0,5] (0, 1] [0, 1] [0, 2] [0, 1]) + 


0,1] [0,0] [0,2] [0,4 
({0, 0} [0, 1) t ] [0,0] [0,2] [ i) 
[0,0] [0,1] [0,0] [0,3] 
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[0,1] [0,1] [0,0] [0,0] 
[0,0] [0,1] [0,0] [0,1] 


([0, 1] [0, 1] [0, 1] fs [0,0] [0,1] [0,1] 


5] [0, 10] [0, 5]) + ([0, 0] [0, 1] [0, 0] [0, 3]) + 
» 2] [0, 1] [0, 2]) 


({0, 7] [0, 8] [0, 11] [0, 10]). 


The product of 3" row of X with the second column of Y. 


[0,2] [0,1] 
[0,3] [0,1] 
[0,1] [0,0] 
[0,2] [0,1] 
[0,1] [0,2] 
[ [0,1] [0,1] | 


([0, 5] | [0, 0] [0, 1] | [0, 1] [0, 1] [0, 1) 


[0, 5] (L0, 2] [0, 1) 


0,3] [0,1 
+ 0,0110. 19 [ os ‘ 


[0,1] [0,0] 
[0,2] [0.1] 

+ (0, 1] [0, 1] [0, 1)) | [0,1] [0,2] 
[0,1] [0.1] 

([0, 10] [0, 5]) + ([0, 1] [0, O}) + (0, 4] [0, 4) 


({0, 15] [0, 9]). 


Likewise second row of X with first column of Y is found. 


Thus we get XY = 
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[[0,6] [0,6] [0,8] [0,17] [0,20] [0,9] [0,8]] 
[0,8] [0,15] [0,21] [0,15] 
[0,4] [0,6] [0,5] [0,16] 0,14] [0,11] [0,7] 
[0,7] [0,6] [0,10] [0,18] [0,22] [0,11] [0,6] 
[0,8] [0,5] [0,15] [0,26] [0,29] [0,12] [0,8] 
[0,7] [0,9] [0,12] [0,24] [0,25] [0,16] [0,7] 
[0,7] [0,8] [0,11] [0,10] [0,20] [0,10] [0,4] 


Now having seen how the products are carried out in positive interval 
super matrices now we proceed onto give the properties enjoyed by this 
collection. 

Recall a positive super interval matrix is of same type 

1. They should be of same order. 

2. They should be partitioned in the same way, that is they are 

identically partitioned. 

When we say a m x n matrix it can be a positive super row vector 
(matrix) if it is partitioned only vertically (m=1) or any positive super 
interval matrix. Thus ([0, 2] | [0, 7] [0, 12] [0, 16] | [0, 7] | [0, 5] [0, 4]) 
is a | x 7 positive super row interval matrix where as 

[0,2] | [0,1] [0,11] [0,0] | [0,9] [0,1] 
[0,9] | [0,2] [0,12] [0,5] | [0,7] [0,2] 
[0,4] | [0,10] [0,3] [0,7] | [0,5] [0,11] 


is a positive super interval row vector. 

Likewise 
[0,3] 
[0,2] 
[0,14] 
[0.5] 
[0,17] 
10,3] 
[0,0] 
[0.9] 
[0,12] 
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is a positive super interval column matrix where as 


[0,7] [0,9] [0,0] [0,2]] 

[0,1] [0,4] [0,8] [0,0] 

[0,9] [0,11] [0,1] [0,5] 

[0,10] [0,1] [0,13] [0,4] 
[0,12] [0,14] [0,1] [0,0] 
[0,1] [0,2] [0,3] [0,4] 


positive super interval column vector for in this 6 x 4 positive interval 
matrix only horizontal partition is carried out and there is not even a 
single vertical partition. 


Now 
| [0,2] | [0,7] [0,8] [0,9] | [0,4] [0,1] 
[0,0] | [0,2] [0,3] [0,4] | [0,5] [0,6] 
[0,1] | [0,3] [0,10] [0,1] | [0,0] [0,11] 
[0,9] | [0,0] [0,0] [0,2] | [0,3] [0,0] 
[0,11] | [0,4] [0,4] [0,4] | [0,0] [0,1] 
[0,16] | [0,0] [0,2] [0,0] | [0,2] [0,3] 


is a positive super interval square matrix. 
We see 


[0,1] [0,2] | [0,3] [0,4 
[0,7] [0,8] | [0,9] [0,0 
[0,3] [0,4] | [0,5] [0,6] | [0,7] [0,8] 
[0,9] [0,11] ] [0,1] [0,3] | [0,5] [0,6] 
}[0,10] [0,0] | [0,2] [0,4] | [0,7] [0,0] | 


is a positive super interval rectangular matrix or a positive super 5 x 6 
interval matrix. 


[0,5] [0,6] | 
[0,1] [0,2] 


THEOREM 2.3: Let A = {collection of all m x n positive interval super 
matrices of same type} with entries from R’ U {0} or Z’ U {0} or O' U 
{0]. A is a semigroup under addition. 
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The proof is direct and hence is left as an exercise to the reader. 
THEOREM 2.4: Let M = {collection of all m x n positive super interval 
matrices of same type} with entries from Z,, (n < 0). M is a group under 


addition. 


Example 2.43: Let 


[0,a,] | [0,a,]  [0,a] 
e [0,a,] | [0,a5] [0,a¢] 
[0,a,] | [0,ag] [0,4] 
[0,419] | [0,a,,] [0,a,.] 


where aj € Z433 1 <i < 12! be the collection of all positive interval super 
matrices. A is a group under addition. Of course A is not even 
compatible with respect to multiplication. 


Example 2.44: Let 
[0,a,] | [0,a,] [0,a;] | [0,a,] 
A= 4|[0,a5] | [0,a,] [0,a,] | [0,ag] 
[0,a,] | [0,a,59] [0,a,,] | [0,a,5] 


a, € ZU {0}, | < i < 12} be the collection of all positive interval 
vectors. A is a semigroup under addition. Of course multiplication 
cannot be defined on A. 


Example 2.45: Let 


[[0,a,] [0,a,] [0,a,] 
[0,a,] [0,a5] ] 
[0,a,] [0,ag]  [0,a,] 
[9,419] [9,a,,] [9,a,.] 
[0,a;3] [0,a,4] [0,a,5] 
[0,4i6] [0,47] [0,a;¢] 
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a, € Q’ U {0}, 1 <i< 8} be the set of all positive super interval column 
vectors. P is a semigroup under addition clearly P is not a group as 
inverse do not exist. 


Example 2.46: Let 
[0,a,] [0,a,] | [0,a,] 
S=4/[0,a,] [0,a5] | [0,a¢] 
[0,a,] [0,ag] | [0,a,] 


ai € Zago, | <i < 9} be a positive super interval matrix. S is a group 
under addition and S is not in general compatible with respect to 
multiplication. To define multiplication we need to consider only those 
positive interval super matrices such that X = X' but how much such 
study or definition is practical is to be analysed. 


Example 2.47: Let 


[ [0,a,] [0,a, ] 
[0,a;] [0,a,] 
ga i) asl Waly 7 y<isizy 
[0,a,] [0,a,] 
[0,a,] [0,a10] 


[[0,a;;] [0,a,.] 


be a positive super interval column vector G is a group under addition. 
G is of finite order and G is abelian. 
Also 


is a super interval subgroup of G of order 8. 
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Infact G has several such super interval subgroups. 


[O,a]) O | 
[O.a] 0 
paj) Dal OP ler, 
0 [0,a] 
[O,a] 0 
0 [0,a]| 


is again a interval super subgroup of G of order 8. However T and H are 
in no way related. By varying the portions of the super interval matrix 


[ [0,a,] [0,a,] | 
[0, a; ] [0, a4 ] 
[0,a;] [0,a,] 
[0,a,] [0,a.] 
[0,a,] [0,19] 

[9,4] [0,a,,] | 


and getting the collection of same type of super interval matrices we get 
several super interval matrix groups of same order built using Zs. This is 
one of the convenient method of getting many groups of same order but 
distinctly different in their structure. 

Further in case of a super interval matrix group we can form the 
transpose. Thus for every super interval matrix group we have a unique 
super matrix interval group associated with it, which is the transpose of 
it. Only under addition the transpose of a super row interval matrix will 
be a group. 

We will call the transpose of a super row interval matrix group as 
transpose group super row interval matrix or a super row interval matrix 
group transpose. From the context one can easily find the underlying 
structure. 


We will only illustrate this situation by some examples. 


64 


Example 2.48: Let 
| [0,a,] | 
[0,a,] 
Ga ll. ez. 1sis6} 
[0,a, | 
[0,a;] 


[0,26] | 


be super row interval matrices of the same type, G under addition is a 
group. Now G! = ({0, ai] | [0, a2] [0, a3] [0, a4] | [0, as] [0, ac]) | ai € Zao; 
1 <i< 6} be the transpose group of G. 

G' is also group known as the transpose super interval super matrix 


group. 


Example 2.49: Let 

| [0,a,]  [0,a] 
[0,a,] [0,a,] 
[0,as]  [0,a,] 
[0,a,] [0,ag] 
[0,a)] [0,a,5] 


[0,a,,;] [0,a,5] 
[0,a,3] [0,a,4] 
| [9, ais] [0,a46] 


be the super interval row matrix group under addition of the specified 
type of super interval row matrices described in H. 
Now 


[0,a,] 


H “line [0,a3 ] [0,a;] 
[0, as ] 


[0,a,] [0,a,] [0,a,] 


[0,a,] [0,a,,] [0,a,3] | 
[0,a,9] [0,a,.] [0,a,4] [0,a,6] 


where aj € Z ; 1 < 1 < 16} is the transpose group of H called the 
transpose super interval row vector matrix group. 
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Now we give some more examples. 


Example 2.50: Let 


[0,a,] [0,a,] | [0,45] 
p= || [O-aa) (,as} | (0,06) 
[0,a;] [0,ag] | [0.a5] 
[0,ai9] [0,a,,] | [0,4)] 


aj € Z42, l<is 12} 


be a collection of super interval matrix group of the same type. P is a 


group. 
Now 
[0,a,] [0,a,] [0,a,] 
[0,a, ] [0,a5] [0,as] 
[0,a,] | [0,a,] 


[0,a,9] 
[0,a,,] 
[0,a,,] 


[0,a, | 


aye Z142, 1<i < 12} 


is the set of all transpose of the super interval matrices of the same type 
in P, Thus P’ is a transpose group of super interval matrices of the group 
P. P’ is also a group under addition of super interval matrices. 


Example 2.51: Let 


| [0,a,] | [0,a,] [0,a,;] [0,a,] | [0,a5] 
[0,a;] | [0,a,] [0,a,] [0,a,] | [0,a,,] 
G= 4|19,a;;] | [0,a;.] [0,43] [04,4] | [0,a;5] 
[9,416] | [04:7] [0,aig] [0,419] | [0,425] 

| 10,491] [0,455] [0,43] [0,454] [0,455] | 


a € Z70,1 <i< 25} 


be the collection of all 5 x 5 super interval matrices of this type 
described, G is a group called the super interval 5 x 5 matrix group 
under addition. Clearly G is not a group under multiplication. 


Consider 
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[0,a,]  [0,a, 
[0,a,] [0,a, 
G'= 4|[0,a,] [0,a, 

[0,a,] [0,a, 
| [0,a5] [0,a,9 


0,1] | 
0,a5,] 
0,24; | 
0,254] 
0,255] | 


where aj € Zo, 1< i < 25} is the transpose group of the super interval 
square matrix under G addition. 

Now having seen examples of super interval matrix groups under 
addition built using Z,, n < oo. We can proceed onto construct super 
interval matrix semigroups using Z' U {0} or R' U {03 or Q' U {0} or 
C’u {0}. 

We see if super interval matrices are built using Z’ U {0} or RU 
{0} or Q’ LU {0} or CU {0} under addition they do not form a group. 


We will illustrate this situation by some examples. 


Example 2.52: Let G = {([0, a:] [0, a2] | [0, as] [0, a4] [0, as] 
[0, a6] | [0, a7] [0, ag] [0, ao] / aj) € ZU {0} 1 <i< 9} bea collection of 
super interval row matrices. Clearly every super interval row matrix in 
G is of the same type. 

We see G is a semigroup under interval row matrix addition. Further 
G is not a group. G is of infinite order. G is a commutative monoid. 

G has no zero divisors G will be known as the super row interval 
matrix semigroup. 


Example 2.53: Let H = {([0, ai] [0, as]| [0, a3] [0, a4] [0, as] | 
a, € QU {0} 1 <i <5} bea collection of super interval row matrices 
of the same type. H is only a super row interval matrix semigroup and is 
not a group. H is also of infinite order. 


Example 2.54: Let P = {((0, ai] | [0, a2] [0, a3] | [0, a4] [0, as] | aj e QU 
{0}; | <1<5} beacollection of super interval row matrices of the same 
type. P under addition is not a group. P is only a super interval row 
matrix semigroup of infinite order. 
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We see the super interval row matrices in P and H are of same order but 
they are of different types. Thus we have two distinct semigroups under 
addition got using H and P. 

Infact we can get several semigroups of same order (say 
(1 x n)) but distinct super row interval matrix semigroups. 


Example 2.55: Let 


G- ae [0, a; ] 
[0,a, ] [0,a,] 


[0,a5] 
[0,a,] 


[0,a,] [0,a,] [0,a,] 
[0,a,.] [0,a3] [0,a,,] 


[0,a,,] [0,a,, ) 
[0,a,5] [O,a,6] 


ai € R’ U {0}; 1 <i < 16} be a collection of super row interval vectors 
of the same type. Clearly G is a semigroup under addition known as the 
super interval row vector semigroup. G is of infinite order and G is 
commutative. G is not a group as G has no nontrivial zero divisors still 
no element in G has an additive inverse. 


Example 2.56: Let 


[0,a,] [0,a,] | [0,a;] | [0,a5] [0,45] [0,a.6] 
T= 4|[0,a,] [0,a5] | [0,a,] | [0,a,,] [0,a,4] [0,a,7] 
[0,a;] [0,a6] | [0,a,] | [0,a,.] [0,aj5] [O,ai9] 


a, € R’ U {0}; 1 <i < 18} be the collection of all super row interval of 
same type. Clearly V under addition of super interval row vectors is a 
semigroup under addition. 


Example 2.57: Let 


[0,a;] [0,a,] | [0,a,] [0,a;o] [0,a,5] 
T= | [0,a,] [0,a;] | [0,a,] [0,a,,] [0,a,,]]]a; ¢Q” U{O}s1<i<15 


[0,a5] [0,a,] [0, a. ] [0,a,,] [0,a,5] 


be the collection super row interval vectors of same type. T is a 
semigroup under super row interval vector addition. 
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For take 


[0,2] [0,3] | [0,0] [0,5] [0,7] 
X=) [0,0] [0,1] | [0,1/2] [0,3] [0,2] 
[0,1] [0,4] | [0,1] [0,0] [0,10] 
and 
[0,1] [0,0] | [0,3] [0,2] [0,6] 
Y={ [0,2] [0,1] | [0,1/2] [0,10] [0,5] 
[0,10] [0,6] | [0,0] [0,2] [0,4] 


be elements in T. 


To find X + Y. X + Y under component wise addition of row super 


interval vectors is given by 


[0,3] [0,3] ] [0,3] [0,7] [0,13] 
X+Y=]| [0,2] [0,2] | [0,1] [0,13] [0,7] 
[0,11] [0,10] | [0,1] [0,2] [0,14] 


We see X + Y is in T. Thus T is a semigroup known as the super row 


interval vector semigroup. 


Now we proceed onto describe super interval column matrix semigroup 
and super interval column vector semigroup by examples. 


Example 2.58: Let 

| [0,a,] 
[0,a,] 
[0,4] 
[0,ai9] 
[0,a,;] 
[0, a6] 

| [9, a4 ] 


[0,45 ] 
[0,a] 
[0,ag] 
[0,a,,] 
[0,a)4] 
[0,a,,] 
[0, a9] 


[0, a5] 
[0,a,] 
[0,9 ] 
[0, a, ] 
[0,a,5 | 
[0,a;¢ | 
[0,a,,] 


where a; € Z U {0}; 1 <i < 21} be the collection of super interval 
column vectors of the same type. G is a semigroup under addition called 
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the super interval column vector semigroup. Clearly G is of infinite 
order. 


Example 2.59: Let 


[0,a,] [0,a,] 
[0,a;] [0,a,] 
0, a7] [0,a,] . . . 
Gal walle eee 
[0,a,,] [0,a,,] 
[0,a;3] [0,a,4] 
[0,45] [0,a,6] 


be the collection of super interval column vectors of the same time. 
Clearly V is a semigroup under super interval column vector addition. 


Example 2.60: Let 

[0,a,] [0,a,] [0,a5] 
[0,a,] [0,a5] [0,46] 
[0,a,] [0,a,] [0,a,] 
[0,ai9] [0,a,,;] [0,a,2] 


where aj € R” U {0!, 1 <i < 12} be a super interval column vector of 
the same type. P is a super interval column vector semigroup of infinite 
order under addition. 


Example 2.61: Let 
[0,a,] [0,a,] [0,a;} [0,a,] 
V=4/[0.a;] [0,a,] [0,a,] [0,a,] 
[0,4] [0,a,9] [0,a,,;] [9,a,2] 
where aj € C’ U {03, 1 <i < 123 be the collection of super interval 


column vectors of same type. Clearly V is a super interval column 
vector semigroup under addition of infinite order. 
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Example 2.62: Let 
[0,a,] [0,a,] [0,a,] [0,a,] 
S= 4|/[0.a5] [0.a,] [0,a,]  [0,ag] 
[0,a5] [0,a;9] [0,a;,] [0,a,.] 


where aj € C’ U {0}, 1 < i < 12} be the collection of super 
interval column vectors of same type. We see S is a semigroup 
under addition. 

Further S and V are distinct semigroups and they contain 
different types of super interval column vectors, though they are 
built using the same set C’ U {0}. 

Now we will proceed onto give examples of super interval matrix 
of same type. 


Example 2.63: Let 


where a; € Q’ U {0}, 1 <i< 12} bea collection of super interval 
matrices of the same type. V under addition is a semigroup. V is a 
super interval matrix semigroup under addition. 


Example 2.64: Let 
[0,a,]  [0,a,] 
[0,as]  [0,a,] [0,a¢ 
[0,a,] [0,a,9] [0,a,, 
[0,a;3] [0,a,4] | 10,415] | [0,446 
where aj € R® U {0}, 1 <i < 16} be the collection of all super 


interval matrices of the specified type. Under addition V is a 
semigroup of infinite order. 


[0, a4 


fGen | 
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Example 2.65: Let 


[0,a,] | [0,a,] [0,45] | [0,a,] 
w= [0,a;] | [0,a,] [0,a,] | [0,a,] 
[0,a,] | [0,a,9] [0,a,,] | [0,a,,] 
[0,4,3] | [0,a,4] [0,a,5] | [0,46] 


where aj € R® U {0}, 1 <i < 16} be the collection of all super 
interval matrices of the specified type. Clearly W is a semigroup 
of infinite order under addition. However both V and W are 


different. 


Thus we see one can get many semigroups of super interval 
matrices using the same n x m interval matrix by partitioning 
them differently. This is one of the advantages of using super 
interval matrices instead of interval matrices. Now we can for 
every semigroup of super interval matrices define the concept of 
transpose semigroup of super interval matrices or super interval 


matrices of transpose semigroup under addition. 
We will illustrate this situation by some examples. 


Example 2.66: Let 


] 

V = | [0,44] ||a, eZ* U {0},1<i1<7 
] 
] 


be a collection of super interval column matrices of same type. 
Under addition V is a semigroup called the super interval column 


matrix semigroup. Clearly V is of infinite order. 
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Now V'= {([0, ai] [0, a2] | [0, as] [0, a4] [0, as] [0, ac] | [0, a7]) 
| aj © Z’ U {0}; 1 Si < 7} be the transpose of V that is set all 
super row interval matrices of the same type V' is also a 
semigroup under addition. V' is called the super interval matrix 
transpose semigroup of V. 


Example 2.67. Let W = {([0, a1] [0, a2] | [0, a3] [0, a4] [0, as]) | ai 
e ZU {0}; 1 < i < 5} be the collection of super row interval 
matrices of the same type. W under addition is a semigroup. 

Now 


[0,a,] 
[0,a,] 
W'= 41 [0,43] 
[0,a,4] 
[0,a5] 


a, €Z* U{0},1<i<5 


is the transpose of W is the collection of all super interval column 
matrices of same type and W is also a semigroup under addition 
know as the transpose semigroup of W. 


Example 2.68: Let 


| [0,a,] | [0,a,] [0,a;] [0,a,] [0,a;]| [0,a,] | 
[0,a,] | [0,a,] : : : [0,a,,] 
[0,25] [ 
Gs [0,25] [ 
[0,45] [ 
[0,a5,] [ 
[0,a5,] | [0,435] [0,449 ] 
[[9,a43] | [O,a44] [0,a45] | 
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a, € Q’ U {0}; 1 <i < 48} be the collection of super interval 
matrices of the same type. Clearly G is a semigroup under super 
interval matrix addition of infinite order. Now consider the 
transpose semigroup G' of G. 


[0,a,] [0,a,] | [0,a,3] ... | [0,a;,] [0,a,3] 


qt= [0,a,] [0,a¢] poe [O,a,4] 


[0,a,] [0,a,.] | [O,ajyg] -.. | [0,445] [O,aug ] 


where a; € Q” U {0}; 1 <i < 48} is the transpose semigroup of G. 

Thus given a semigroup we have a transpose semigroup to 
exist provided the super interval matrix semigroup under 
consideration is under the operation addition otherwise in general 
the semigroup may not have transpose semigroup. We now 
proceed onto show how in general a multiplicative semigroup 
does not in general have transpose. 


Example 2.69: Let G = {({0, ai] [0, a2] | [0, a3] [0, aa] [0, as] [0, 
a6] | [0, a7]) | ai € Z VU {0}; 1 <i < 7} be a collection of super 
interval semigroup of the stipulated type. Now G_ under 
multiplication is a semigroup. The transpose of G given by 


[0,a,] | 
[0,a, | 
[0,a; | 
G'= 3) [0,a4]| |a, €Z* U {0},1<i<7 
[0,a5 ] 
[0,a¢] 
[0,a7] | 


is not closed under multiplication thus G' is not a semigroup under 
multiplication. 
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If on G' we can define addition we call G' a dual transpose 
semigroup of G under the operation +. We cannot say for every 
semigroup we may have dual transpose semigroup. Only in some 
cases we have dual transpose in some case we have dual transpose 
as well as transpose. 


Example 2.70: Let 


] 
V = 41 [0,a,]||a, €Q* U{0},1<i<7 


be a collection of super interval column matrices of the same type. 
V under addition is a semigroup. 

V' = Let G = {((0, ai] [0, a2] | [0, a3] [0, a4] | [0, as] [0, ac] [0, 
a7]) | a € QU {0}; 1 < i < 7} can be both a dual transpose 
semigroup super row interval matrix under multiplication as well 
as transpose semigroup super interval row matrix under addition. 


Example 2.71: Let 


[0,a,] | [0,a,] [0,a;] | [0,a, 
[0,a;] | [0,a,] [0,a,] | [0,a, 
[0,a,] | [0,a,)] [0,a,,] | [0,a,, 
[0,4;3] | [0,a;4] [0,a,5] | [0,a,, 
[0,417] | [0,as] [0,a29 
| [0,421] | [05422] [0,423] | [0,424 


(sy 
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where a; € R” U {0}; 1 <i < 24} be a collection of super interval 
matrices of the same type. Now P under super interval matrix 
addition is a semigroup. 


[0,a,] [0,a5] | [0,a5] [0,a,3 


[0,a,, [0,a5,] 


] ] 
pe [0,a,] [0,a¢] | [0,a,9] [0,a,4] [0,a,¢] | [0,a55] 
[0,a;] [0,a,] |) [0,a,,] [0,a,5] [0,a,5] | [0,a,3] 
[0,a,] [0,a,] | [0,a,.] [0,a,5] [0,459] | [0,a5,] 


where a; € R® U {0}; 1 <i < 24} be the transpose of P. P' is only a 
transpose semigroup under addition and P' or P are not semigroup 
under multiplication as product is not compatible on P. This P has 
no dual transpose semigroup. 


Now we can define interval groups under multiplication only 
for certain special type of super interval matrices we will illustrate 
this situation by some examples. 


Example 2.72: Let G = {({0, ai], [0, a2] | ... | [0, a]) | a €e Q’3 1 < 
i < 9} be the collection of all super row interval row matrices of 
the same type. Under component wise special multiplication G is 
a group. 


We just illustrate the product which is new to super row matrices. 

Let X = ([0, 3] [0, 1] | [0, 7] [0, 2] [0, 1] [0, 5] [0, 1/8] [0, 1/5] 
| [0, 3]) and Y = ([0, 1/3] [0, 2] | [0, 1/7] [0, 1/2] [0, 1] [0, 5] [0, 8] 
[0, 5] | [0, 3]) be two super row matrices in G. X.Y = ([0, 1] [0, 2] 
| [0, 1] [0, 1] [0, 1] [0, 25] [0, 1] [0, 1] | [0, 9]) is in G. It is easily 
verified G under this new multiplication operation is a group 
known as the group of super row interval matrices. 


Example 2.73: Let P = {(([0, ai] [0, a2] [0, a3] | [0, aa] | [0, as] [0, 


ac]) | ai € R'; 1 <i < 6} be the collection of all super row interval 
matrices of the same type. P under this special multiplication is a 
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group. Clearly ([0, 1] [0, 1] [0, 1] | [0, 1] | [0, 1] [0, 1]) in P acts as 
the multiplication identity. 

However if we replace R° by Z’ or R® U {0} or Q” U {0} the 
structure fails to be a group. Now we proceed onto define 
substructures in them. 

Suppose G is a super interval row matrix collection of same 
type and G is a group of super interval matrices of the same type 
then we define a proper subset H c G to be a subgroup if H under 
the operations of G is a group. 


We will illustrate this situation by some examples. 


Example 2.74: Let G = {([0, ai] [0, a2] | [0, a3] [0, a4] [0, as]) | ai € 
R’; 1 <i <5} be a super interval row matrices of same type. G 
under the special multiplication is a group. 

Consider H = {([0, a:] [0, a2] | [0, a3] [0, a4] [0, as]) | a; ¢ Q*; 1 
<i<5} CG bea proper subset of G. H under the operations of G 
is a group. Thus G is a Smarandache special definite group. 


Example 2.75: Let X = {([0, ai] [0, a2] | [0, a3] [0, a4]) | ai € Zz \ 
{0}, 1 <i <4} be the collection of all super interval matrices of 
same type. X is a group. 

Clearly X has a subgroup given by Y = ([0, a;] [0, a2] | [0, a3] 
[0, a4]) | ai € {1, 6$ CZ, \ {0}; 1 <1 < 4} C X is a subgroup. 
However X has no proper semigroup. Thus X is not a S-special 
definite group. 

However all the examples of groups which are group of super 
interval matrices of same type happen to be commutative. 


Example 2.76: Let P = {([0, ai] [0, a2] [0, a3] | [0, a4] [0, as] | [0, 
ao] | [0, a7] [0, ag]) | ai © Zi3 \ {0}; 1 <i < 8} be a collection of 
super row interval matrices of same type. P is not a Smarandache 
special definite group. 
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In view of this we have a theorem the proof of which is left as 
an exercise to the reader. 


THEOREM 2.5: Let G = {([0, aj] [0, a2] | [0, a3] ... [0, a,] | [0, 
Ar+i] .. [0, An-2] | [0, n-1] [0, an]) where a; € Z, \ {0}; p a prime 1 
<i <n} be a collection of super row interval matrices of same 
type. G is not a Smarandache special definite group but only a 
group of super row interval matrices under component wise 
multiplication. 


Example 2.77: Let G = {({0, ai] [0, a2] | [0, a3] [0, a4] [0, as] | [0, 
ac]) | ai € Z’ U {03 1 <i < 6} be the collection of super row 
interval vectors of same type. G is only a semigroup of super row 
interval matrices under new multiplication. Infact this semigroup 
is not even a Smarandache semigroup. This semigroup has 
however many subsemigroups. 

Further G is also a semigroup under addition and even under 
addition G is not a Smarandache semigroup. 


Example 2.78: Let G = {([0, ai] [0, a2] [0, a3] [0, a4] | [0, as] [0, 
a6] | [0, a7] [0, ag]) | aj € Q” U {0} where 1 <i < 8} be a collection 
of super row interval matrices of same type. G is a semigroup 
multiplication. 

Further G is a Smarandache semigroup under multiplication as 
H = {((0, ai] [0, a2] [0, a3] [0, a4] | [0, as] [0, a6] | [0, a7] [0, as]) | ai 
€ Q’; 1 <i<8} CGisa group under multiplication. Thus G is a 
Smarandache semigroup under multiplication. 


It is still interesting to note that G is not a Smarandache 
semigroup under addition. Thus we see a lot of difference between 
these super interval row matrices under addition and 
multiplication. 


Example 2.79: Let G = {({0, ai] | [0, az] [0, a3] [0, a4] [0, as] | [0, 
a6] [0, a7]) | ai € Z12; 1 <1 < 7} be the set of all super interval row 
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vectors of the same type. G is a semigroup under multiplication. G 
is a Smarandache semigroup. 


We can have the notion of Smarandache subsemigroup. Here 
some examples of them are given. 


Example 2.80: Let G = {({0, ai] [0, a2] | [0, a3] | [0, a4] [0, as] [0, 
as] [0, a7] [0, as]) | ai € Zi33 1 <1 < 8} be a collection of super 
interval row vectors of the same type. G is a semigroup super row 
interval matrix of finite order under new multiplication. 


Consider H = {((0, a] [0, a] | [0, a] | [0, a] [0, a] [0, a] | [0, a] 
[0, a]) | a € Zi3 \ {0}} CG, H is a group. If we consider P = {([0, 
a] [0, a] | [0, a] | [0, a] [0, a] [0, a] [0, a] [0, a])| ae Zi3 } CGisa 
subsemigroup of G. Since H c P c G. P is a S-subsemigroup of 
G. Infact G is also a S-semigroup. 


Example 2.81: Let G = {([0, ai] [0, a2] | [0, as] [0, a4] [0, as] [0, 
ae] | [0, a7]) | ai € Zia; 1 <i < 7} be the collection of all super row 
vectors of same type. 


G is a group under addition. Infact G is not a S-definite group. 


Example 2.82: Let 

[[0,a,]  [0,a5] 
[0,a;] [0,a,] 

H= ae ae a; € Zy5,1<i<12 

[0,a5] [0,a,5] 

(a1 [0,421] 


be a collection of super interval column matrices of same type. H 
is a group of super interval matrices H is not a S-definite group. 
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Transpose of H is also a group which is not a S-definite group 
under addition. 

Interested reader can study the substructures like subgroups 
and normal subgroups of group of super interval column (row) 
vectors under addition. Since the operation addition is 
commutative we see all subgroups are normal subgroups. 
However we can define another innovative type of multiplication 
as in case of the special multiplication of super row interval 
matrices. 

This multiplication we call as extended multiplication. Here 
multiplication of super interval square matrices of same type alone 
can be defined. 

This is carried out in the following way. 


Let A and B two super interval square matrices of same type. We 
define the extended product on AB as follows. 

We as in case of usual square matrices determine the product 
AB and partition it as the same type for A and B - AB will be the 
square matrix of same order. 

We will proceed onto describe them with examples. 

Suppose 


| 8) | 102) sade [0,1] | [0,2] 
[0,4] | [0,1] [0,3] | [0,4] 
be two 2 x 2 interval super matrices of same type. 
Then 


B= [0,8] | [0,3] | | [0,1] | [0,2] 
[0,4] | [0,1] ) | [0,3] | [0,4] 


_ | [0,8][0,1] + [0,3][0,3] | [0,8][0,2] + [0,3][0,4] 
[0, 4][0,1] +[0,1][0,3] | [0,4][0,2]+[0,1][0, 4] 


_ [£017] | [0,28] 
[0,7] | [0,12] |” 
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This product is defined as the extendent product. In this 
product we do not bother about the partition but partition it later. 

This is infact partly artificial but such product gives 
compatibility and can be seen as a nice algebraic structure. This 
type of product can be used in special situations when interactions 
among the elements takes place without respecting the partition 
but later fall under the same partition after producted. Clearly 
under this extended product also in general AB # BA. 

Suppose 


_ [0,10] | [0.1] _ [£0.21 | [0,7] 
Aelia 02] wd B= TT 3 


be two super square interval matrices of same type. 
Then we fine the usual product AB and then partition AB as 
the same type as A or B 


[0,4] | [0,2] } | [0,5] | [0,3] 
7 nee aoe OAC OEE! 


0,10] | [0,1 0,2] | [0,7 
ae -(f calles ea 


[0,4][0,2]+[0,2][0,5] | [0,4][0,7]+[0, 2][0, 3] 
7 [0,25] | [0,73] 
~ | [0,18] | [0,34] |’ 


Suppose 
[0,9] | [0,1] [0,2] [0,0] 


[0,1] | [0,3] [0,4] [0,1] 
[0,4] | [0,2] [0,5] [0,4] 
[0,1] | [0,1] [0,0] [0,2] 


[0,2] [0,3] 
[0,0] [0,1] [0,0] 
[0,1] [0,0] [0,5] 
[0,3] | [0,0] [0,3] [0,0] 
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be two 9 x 4 super interval matrices of same type. We find AB the 
usual product extended to these super matrices and then partition 
AB of the same type. 

Thus 


[0,5] | [0,11] [0,19] [0,37] 
Rae [0,14] | [0,5] [0,8] [0,23] 
[0,24] | [0,9] [0,22] [0,37] 
[0,7] | [0,1] [0,9] [0,3] 


is again a super interval 4 x 4 matrix of the same type. 


These extended product on super interval matrices of same 
type will have a group or semigroup structure depending on the 
set over which they are defined. 


This extended type of multiplication may be useful when 
interaction takes place overlooking the partition. When they are to 
be treated only as submatrix components this product is not 
suitable. Depending on the situation this extended product can be 
used. We can extend the notion of super linear algebra in case of 
super interval matrices. For in the first pace we use super interval 
matrices in which the intervals are of the special form. These 
collection of special intervals in general cannot be a field. Only in 
case the intervals are from Zp, p a prime they form a field. So the 
super interval linear algebra will have meaning only when defined 
over Z, or intervals from Zp. 

They can only form a semifield when intervals are taken from 
Q* vu {0} or Z* U {0} or R® U {0}. So we will discuss about 
super interval semivector spaces and super interval semilinear 
algebra and super interval linear algebras when Z, is used. This 
will form the following chapter. 
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Chapter Three 


SEMIRINGS AND SEMIVECTOR 
SPACES USING SUPER 
INTERVAL MATRICES 


Here we will just define the notion of semivector spaces using 
super interval matrices. For more about general interval semirings 
or semifields please refer [46, 50]. 


DEFINITION 3.1: Let V = {([0, aj] | [0, a2] [0, a3] [0, aa] | ... | [0, 
An2] [0, Ant] [0, Qn]) | a € Z VU {0}} be a collection of super 
interval row matrices of the same type. Clearly V is a semigroup 
with identity under addition and V is also a semigroup under 
componentwise new multiplication. Thus (V, +, x) is a semiring 
known as the semiring of super row interval matrices. 


We will give examples of them as well as the working of their 
algebraic structure. 


Example 3.1: Let S = {([0, ai] [0, a2] | [0, a3] [0, a4] [0, as]) | ai € 
ZU {0}; 1 <i <5}. S is acollection of super interval matrices of 
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same type. Clearly (S, +) is the commutative monoid under 
addition. 

(S, .) is a semigroup under multiplication. We see + distributes 
over ‘.”’ as if x, y,z © S. We see (x + y).z = xz +t yz. 


We will just show how this works. x = ([0, 3] [0, 2] | [0, 1] [0, 
5] [0, 1]) and y = ({0, 8] [0, 1] | [0, 3] [0, 1] [0, 4]) be in S. 
Consider x + y = ([0, 11] [0, 3] | [0, 4] [0, 6] [0, 5]) is in S. Also x 
+ y=y +x. Further 0 = (0 0 | 00 0) acts as the additive identity in 
S and S is a commutative semigroup. Now if for same x, y in S. 
We see x.y = ((0, 24] [0, 2] | [0, 3] [0, 5] [0, 4]) is in S. Now x.y = 
y.x Thus (S, .) is also commutative semigroup. 

Suppose z = ({0, 7] [0, 4] | [0, 2] [0, 1] [0, 4]) is in S. We see 


(xty)z = ({0, 11] [0, 3] | [0, 4] [0, 6] [0, 5]) x 
(0, 7] [0, 4] | [0, 2] [0, 1] [0, 4]) 
= ([0, 77] [0, 12] | [0, 8] [0, 6] [0, 20]). I 
Consider 
xz+yz = ({0,21] [0,8 , 2] [0, 5] [0, 4]) + 


] 
({0, 56] [0, 4] 
2 


[0 
[0, 6] [0, 1] [0, 16]) 
= ((0, 77] (0, 12]|[ 


| 
| 
] | [0, 8] [0, 6] [0, 20]) I 
Clearly I and II are equal hence distributive. Thus (S, +, .) is the 
semiring of super row interval matrices. 


Example 3.2: Let S = {([0, ai] [0, a2] [0, a3] [0, a4] | [0, as] ... [0, 
ain) | ai € Q’ U {0}; 1 <i < 11} be the collection of super row 
interval matrices of same type. S is a semiring of super row 
interval matrices. 


It is pertinent to mention here that using the super interval row 
matrices we get several semirings of | x 11 super row interval 
matrices; on the contrary if we are using just interval row matrices 
of order 1 x 11 we will get only one semiring. We get several 
semirings using interval 1 x 11 row super matrices. 
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Example 3.3: Let P = {([0, a1] [0, a2] | [0, as] | [0, aa] | [0, as] [0, 
ac]) | ai € Zig; 1 <i < 6} be the collection of super interval row 
matrices of same type. P is a semiring we get several semiring of 
different types using the 1 x 6 interval row matrix. All of them are 
of finite order. 


Example 3.4: Let W ={([0, ai] [0, a2] [0, a3] [0, a4] | [0, as] [0, ao] 
[0, a7] | [0, as] [0, ao] [0, aio]) | ai € Za3; | < i < 10} be the 
collection of super interval row matrices of same type. W is a 
semiring of finite order. 


Now we have seen several semirings of super interval row 
matrices; now we proceed onto define the subsemiring and ideal 
of a semiring of super interval row matrices. 


DEFINITION 3.2: Let S = {([0, ai] | [0, az] ... [0, a-] | [0, ari] ... 
[0, a] | [0, asi]. [0, an]) | ai ER” UV fOJorO’ U{OJorZ vu 
{0} or Z,; n < co} be a super interval row matrix of same type. S is 
a semiring of super interval row matrices. Suppose P CS; if P 
itself is a semiring under the operations of S then we call P to be a 
subsemiring of super interval row matrices of S of same type. 


We will illustrate this by examples. 


Example 3.5: Let W ={([0, ai] [0, a2] [0, a3] | [0, a4] | [0, as] | [0, 
as]) | ai € Z’ U {0}; 1 <i < 6} be the semiring of super row 
interval matrices of same type. Consider H = {([0, a;] [0, a2] [0, 
as} | [0, as] | [0, as] | [0, ac) | a: € 3Z" U {0}; 1 <i <6} CW; His 
a subsemiring of super row interval matrices of W. 


Example 3.6: Let V ={({0, ai] | [0, a2] [0, a3] | [0, a4] [0, as] [0, a6] 
| [0, a7] [0, ag] [0, ao]) | ai e R’ U {0}; 1 <i < 9} bea semiring of 
super interval row matrices of same type. Consider H = {([0, aj] | 
[0, a2] [0, as] | [0, a4] [0, as] [0, a6] | [0, a7] [0, as] [0, ao]) | ai e Q” 
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U {0}; 1 <1 <9} CV; H is a subsemiring of super interval row 
matrices of same type. 


Example 3.7: Let S = {({0, ai] | [0, a2] | [0, a3] [0, a4] [0, as]) | ai € 
Zo4; | <i < 5} be the semiring of super interval row matrices of 
same type. Consider V = {({0, ai] | [0, a2] | [0, a3] [0, as] [0, as]) | 
a € {0, 2, 4, 6, 8, 10, ..., 20, 22} C Zo43 1 <1 <5} CS; Visa 
subsemiring of super interval row matrices of finite order. 


Example 3.8: Let S = {({0, a1] [0, a2] [0, a3] [0, a4] [0, as] | [0, a6]) 
| ai € Z17; 1 <i < 6} be the semiring of super interval row matrices 
of finite order. We see S has no subsemirings. 


We have a class of semirings which have no subsemirings. 


THEOREM 3.1: Let S = {([0, a;/ [0, a2] | [0, a3] [0, aa] [0, as] | [0, 
ag] [0, a7] ... | [0, a [0, avi] |... | [0, an-2] [0, An-1] [0, an]) | ai © 
Zp Pp a prime, a; = az a, =a; 1 Si Sn} be a semiring of 
super interval matrices af 4 nite order. S has no subsemirings. 


The proof is left as an exercise to the reader. 
We will define now the notion of ideals in the semiring of 
super interval row matrices. 


DEFINITION 3.3: Let S = {({0, az] [0, a2] | [0, a3] [0, aa] [0, as] 
[0, ao] | ... | [0, Ana] [0, An-3] [0, Qn-2] [0, Ant] [0, An]) | ai € Z, or 
Z U {0}, O U {0}, R* U $£0}} be the semiring of super interval 
row matrix of same type. Let I < S; I is an ideal of S if I is a 
subsemiring of S and for every x € S and every i € I; xi and ix are 
in I, 


We will illustrate this by some examples. 


Example 3.9: Let S = {([{0, a1] [0, a2] | [0, a3] [0, a4] [0, as] | [0, a6] 
[0, a7]) | ai € Z’ U {0}; 1 <i <7} be a semiring of super interval 
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row matrices of same type. Consider I = {([0, ai] [0, a2] | [0, a3] 
[0, a4] [0, as] | [0, ac] [0, a7]) | ai € 3Z’ U {0}; 1 <i <7} CS, Lis 
an ideal of S. 


Infact S has infinite number of ideals. 


Example 3.10: Let V = {({0, a] | [0, a] | [0, a] | [0, a] [0, a] [0, a] 
[0, a]) where a € Z7} be a semiring of super interval row matrices. 
V has no ideals and V has no subsemirings. 


Example 3.11: Let W = {([0, ai] [0, a2] | [0, a3] | [0, a4] [0, as] | [0, 
ao| [0, a7]) | ai € Z7; 1 <1 < 7} be a semiring of super interval row 
matrices. P = {[0, a;] [0, a2] |0| 000 0) | aj, a € Z7} CW, P is 
an ideal of W. 

Infact W has several ideals. Consider T = {([0, a] [0, a] | [0, a] 
| [0, a] [0, a] | [0, a] [0, a]) | a € Z;} CW; T is only a 
subsemiring. We see T is not an ideal of W. 


Example 3.12: Let S = {((0, ai] [0, a2] | [0, a3] [0, a4] [0, as]) | ai € 
R’ u {0}; 1 <i <5} be a semiring of super interval row matrices. 
R = {({0, a1] 0| 0 0 [0, ao]) | a; a2 © R* U {03} CS, T is an ideal 
of S, ideal of the semiring of super interval row matrices. 


Example 3.13: Let P = {({0, a:] [0, az] [0, a3] | [0, aa]) | aa e R'U 
{0}; 1 <i <4} be a semiring of super interval row matrices. W = 
{([O, a1] | [0, a2] [0, as] | [0, aa]) | ai € Q"U {0}; 1Si<4}cP,W 
is only a subsemiring of P and is not an ideal of P. 


Thus we have the following theorem the proof of which is direct. 


THEOREM 3.2: Let S = {([0, aj] [0, a2] [0, a3] | [0, as] [0, as] | ... 
| [0, dn1] [0, an]) | a; ER” UV {0}, O° U {0}, Z,, Z U {0}} be the 
semiring of super interval row matrices. Every ideal of S is a 
subsemiring of S but every subsemiring in general is not an ideal 


of S. 
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We can prove the later part by examples. 


Example 3.14: Let W = {([0, a;] [0, a2] | [0, a3] [0, a4] [0, as] [0, 
ac] | [0, a7]) | ai € Z’ U {03; 1 <i < 7} be the semiring of super 
interval row matrices. T = {({0, a] [0, a] | [0, a] [0, a] [0, a] [0, a] | 
[0, a]) | a € ZU {0}} C Wis only a subsemiring but is not an 
ideal of W. Thus every subsemiring in general is not an ideal. 


Now we can define the notion of super interval row matrix zero 
divisors, idempotents, units and nilpotents in these, semirings, we 
leave this task to the reader. 


We will illustrate them by some examples. 


Example 3.15: Let V = {([0, ai] [0, a2] [0, a3] | [0, a4] [0, as]) | ai € 
Z12; 1 <i <5} be a semiring super interval row matrix same type. 

Let x = (0, 8] [0, 4] [0, 2] | [0, 6] [0, 9]) only y = ([0, 3] [0,3] 
[0, 6] | [0, 6] [0, 4]) in V. We see x.y =( 000/00). 

Consider x = ([0, 5] [0, 7] [0, 11] | [0, 1] [0, 7]) we see y = ([0, 
5] [0, 7] [0, 11] | [0, 1] [0, 7]) in S in such that x.y = ([0, 1] [0, 1] 
[0, 1] | [0, 1] [0, 1]). Thus x is the inverse of y. 

Let x = ([0, 4] [0, 9] [0, 4] | [0, 1] [0, 9]) in S is such that x? = 
x. Thus x has super row matrix interval idempotent in S. 

Thus we see S has zero divisors units and idempotents. 


Example 3.16: Let W = {([0, ai] [0, a2] | [0, a3] [0, a4] [0, as] | [0, 
as] [0, a7]) | ai € ZU {0}; 1 <i < 7} be the semiring of super 
interval matrices of same type. W has zero divisors but no 
idempotents or units. 


Example 3.17: Let V = {([0, a1] [0, a2] | [0, a3] [0, a4] | [0, as]) | ai 
e Ru {0}; 1 <i < 5} be the semiring of super interval row 
matrices. V has ideals, subsemirings and subsemirings which are 
not ideals. R has only zero divisors. 
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Now we will proceed onto define strict semiring. We say a 
super interval row matrix semiring is a strict semiring S ifa+ b= 
(0) for a, b € S is possible if and only if a= b = 0. 

We will give examples of strict semirings built using super 
interval row matrices of same type. 


Example 3.18: Let V = t([0, ay] [0, ap | [9, a3] [0, a4] | [0, as] | [0, 
a6] [0, a7] [0, as]) | ai € ZU {03}; 1 <i <8} bea semiring of super 
interval row matrices. V is a strict semiring. 


Example 3.19: Let S = {({0, ai] | [0, a2] [0, a3] | [0, a4] | [0, as] [0, 
a6] | [0, a7]) | ai ¢ R’ U {0}; 1 <i < 7} be a super interval row 
matrix semiring. S is also a strict semiring. However S has zero 
divisors. 


Example 3.20: Let T = {((0, ai] [0, a2] | [0, as] [0, a4] [0, as] | [0, 
ao]) | ai € Zo403 | S 1 < 6} be a semiring of super interval row 
matrices of same type. T is not a strict semiring for a + b = (0) 
exists even if a # (0) and b #(0); a,b eT. 


Example 3.21: Let W = {([0, ai] [0, a2] | [0, a3] [0, a4] [0, as] | [0, 
as] | [0, a7]) | ai € Zo33 | <i < 7} be the semiring of super interval 
row matrices of same type. Clearly W is not a strict semiring for 
take x = (0, 20] [0, 10] | [0, 15] [0, 21] [0, 22] [0, 3] | [0, 15]) and 
y = ((0, 3] [0, 13] | [0, 8] [0, 2] [0, 1] [0, 20] | [0, 8]) in W. xt+y = 
(00|0000|0). Thus W is not a strict semiring. 


THEOREM 3.3: Let V = {([0, ai] [0, a2] | [0, a3] | [0, aa] [0, as] 
[0, ag] |... | [0, Qua] ... [0, anf) | a; € Z,, n < co; 1 Si Sn} be the 


semiring of super row interval matrices. V is not a strict semiring. 


The proof is straight forward and hence is left as an exercise to the 
reader. 


THEOREM 3.4: Let V = {([0, aj] [0, a2] | [0, a3] | [0, aa] [0, as] | 
[0, ao] ... [0, ay] | .. [0, rst]... [0, Qn]) | ai EZ” UV {0} or RV 
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{0} or O° U {0}} be a semiring of super interval row matrices of 
same type. V is a strict semiring. 


Now we proceed onto define the notion of semified. We say a 
semiring of super interval row matrices is a semifield 


(a) If S is a strict semiring 
(b) S has no zero divisors and 
(c) S is a commutative semiring. 


We give examples of such semifields. 


Example 3.22: Let S = {([0, a1] [0, a2] [0, a3] | [0, a4] ... [0, ar] | 
[0, ari]... [0, an]) aie Z 3 1<is<n}U{000|0... 0/0... 0)} 
be the semiring of super row interval matrices. S is a semifield. 


Example 3.23: Let P = {([0, a1] [0, a2] | [0, a3] [0, a4] [0, as] | [0, 
ac]) | ai € Q’; 1 <i <6} U(00|000| 0) be the semifield. 


Example 3.24: Let W = {([0, ai] | [0, az] [0, a3] | 0, a4] [0, as]) | aj 
€ Q°;1<i<5}U {(00|00|00)} be the semifield. 


Example 3.25: Let P = {([0, a1] | [0, a2] [0, a3] [0, a4] | [0, as] [0, 
as]) | aj € Z’ U {0} 1 <i < 6} is a semiring which is a strict 
semiring but P is not a semifield as P has zero divisors. 


Example 3.26: Let V = {({0, ai] [0, a2] | [0, az] [0, a4] [0, as] [0, 
ao] | [0, a7]) | ai € Zn, | <1 < 7} 1s a semiring which is not a strict 
semiring and also has zero divisors. Hence is not a semifield. 


We see we have semifields. We will built semivector spaces using 
two types of semifields. 

(i) Interval semifields and 

(ii) Usual semifields. 
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DEFINITION 3.4: Let V be an abelian super interval semigroup 
under addition with zero of one fixed type. S be a semifield of 
characteristic zero (ie. Z’ U {0} or O° U {0} or R” U {0}. If V is 
a semivector space over S then we define V to be a super interval 
row matrix semi vector space over S of type I. 


For more about semivector spaces please refer [46, 50]. 
We will illustrate this situation by some examples. 


Example 3.27: Let V = {([0, ai] | [0, a2] [0, a3] | [0, a4] [0, as] [0, 
as]) | ai € R” U {0}, | < i < 6} be a semigroup of interval row 
matrices of same type under addition. V is a commutative monoid 
as (0|00|000) € V acts as the additive identity. 

Consider S = Z’ U {0} the semifield. V is a semivector space 
of super row interval matrices over S of type I. 

Consider x = ({0, 3] | [0, V2], [0, V5] | [0, 4] [0, 0] [0, 
73 +5]) in V. Take s = 12 in S. We see sx = 12 ([0, 3] | [0, V2] 
[0, V5] | [0, 4] [0, 0] [0, 7V3 +5]) = (0, 36] | [0, 12 V2] [0, 12 
V5 ]| [0, 48] [0, 0] [0, 84 V3 + 60]) eV. 


Example 3.28: Let P = {((0, ai] | [0, a2] | [0, a3] | [0, a4] [0, as] [0, 
as] [0, a7]) | ai € Z’ U {0}, | <i <7} be an abelian semigroup of 
super interval row matrices with additive identity (0 |0|0|000 
0). 

Consider S = Z U {0} the semifield. P is a semivector space 
of super interval row matrices over S of type I. 


Example 3.29: Let V = {([0, ai] [0, a2] [0, a3] | [0, a4] | [0, as] [0, 
as] [0, a7] [0, as]) | aj € Q” U {0}, 1 < i < 8} be an abelian 
semigroup of super interval row matrices with same type under 
addition. 


V is a semivector space of super interval row matrices over Q* 
U {0} of type I. Further V is also a semivector space of super 


91 


interval row matrices over Z” U {0} of type I. However V is not a 
semivector space of super interval row matrices over R’ U {0} of 
type I for if x = J3 € R® U {0} and v = ((0, 1] [0, 3] [0, 5/2] | [0, 
5/9] | [0, 2] [0, 9/2] [0, 8] [0, 11/2]) in V then x v ¢ V (easily 
verified). 

Hence V is not a semivector space of super row interval 
matrices over R’ U {0} of type I. 


Thus the concept of semivector spaces of super row interval 
matrices depend on the semifield over which they are defined. 
Further every additive abelian semigroup of super interval row 
vectors need not be a semivector space over every semifield. 


Example 3.30: Let V = {([0, ai] [0, a2] [0, a3] [0, a4] | [0, as] [0, 
a6] | [0, a7]) | aj € 3Z’ U {0}, 1 <i < 7} be an additive abelian 
semigroup with identity; (0 0 00 |00| 0). V is a semivector space 
of super interval matrices over the semifield S = Z’ U {0} of type 
I. Clearly V is a semivector space of super interval matrices of 
type I over R’ U {0} or Q’ U {0}. (It is left for the reader to 
verify). 


Example 3.31: Let P = {([0, ai] | [0, az] | [0, a3] | [0, aa])} be an 
additive semigroup of super interval row matrices where aj € 5Z° 
U {0}. P is a semivector space of super interval row matrices of 
type I over Z’ U {0} and not over Q’ U {0} or R* u {0}. 


Now we will proceed onto define the substructure. 


DEFINITION 3.5: Let V be a semigroup of super row interval 
matrices of same type under addition with identity. Suppose V is a 
semivector space of super row interval matrices over S type I. Let 
G CV (a proper subset of V). If G itself is a semivector space of 
super row interval matrices over S of type I then we define G to be 
a subsemivector space (semivector subspace) of super row 
interval matrices of type I over S of V. 
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We will illustrate this situation by some examples. 


Example 3.32: Let V = {([0, a:] [0, a2] | [0, as] [0, a4] | [0, as] | [0, 
ac]) | ai € Z U {0}, 1 <i < 6} be a semigroup of super interval 
row matrices of same type. V is a semivector space of super 
interval row matrices of type I over the semifield S = Z* U {0}. 
Take W = {(0, ai] [0, a2] |00|0| [0, a3]) | a1, a2, a3 € ZU {0O}} 
Cc V; W is a semivector subspace of super interval row matrices of 
type I over the semifield S. Infact V has infinitely many sub- 
semivector spaces of super row interval vectors of type I over S. 


Example 3.33: Let V = {([0, ai] [0, a2] | [0, a3] ... [0, a9] | [0, aro] 
[0, aii] | [0, arz]) | aj € Q* U {0}, 1 <i < 12} be a semivector 
space of super interval row matrices of type I over the semifield S 
= Z uv {0}. Consider W = {[0, a1] [0, a2] | [0, a3] ... [0, ao] | 
[0, aio] [0, aii] | [0, ai2]) | aj € ZU {0}, hors 12} c Visa 
semivector subspace of super interval row matrices of type I over 
the semifield S. Infact V has infinite number of semivector 
subspaces of super interval row matrices of type I over S. 


Now we will illustrate other semivector spaces of super interval 
matrices over a semifields of type I. 


Example 3.34: Let 

 [0,a,] | 
[0,a,] 
0 
y= 48s], cot Uap <i<6 
[0,a,] 
[0,a;] 
| [0,a,] | 


be a semigroup of super interval column matrices with 
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as its additive identity. S = Z” U {0} is a semifield. V is a 
semivector space of super interval column matrices of type I over 
S. Suppose 


r 10,5] 7 
[0,3/2] 
X= 07] ands=10 eS. 
[0,10] 
[0,2] 
L [0,5] | 
[0,50] 
[0,15] 
We see XS = SX = 10,70] 
[0,100] 
[0,20] 
[0,50] 
Example 3.35: Let 
| [0,a,] | 
[0,a, ] 
[0,a; ] 
yearly EZ* U{0},1<i<8 
[0,a5] || * il 
[0,a¢] 
[0,a,] 
[0,4] | 
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be a semivector space of super column vectors of type I over the 
semifield Z” U {0}. Infact V cannot be a semivector space over 
other semifields. 


Example 3.36: Let 
(0.24) ] 
[0,a,] 
[0,a3] 


V=J} lla eQ* U{O},1<i <6 
[0, a9] 


[0,215 ] 


| [0.2.6] | 


be a semivector space of super column matrices of same type over 
the semifield S = Q’ U {0} of type IL. 


Example 3.37: Let 
[0,a,] 
V= (0,421 a, ER* UO}, 1<i<4 
[0,a,] ||’ 
[0,a,] 


be a semivector space of super column matrices of same type over 
ZU {03 of type I. 

Infact V in example 3.36 can be a semivector space over Z’ U 
{0 but not over R* U {0}. Likewise V in example 3.37 can be a 
semivector space over Q” U {0} also. 


We will give some examples of semivector subspaces of super 
column matrices of type I. 
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Example 3.38: Let 


a, eZ” U{0},1<i<8 


be a semivector space of super interval column matrices over the 
semifield S = Z* U {0} of type I. 


Consider 


0 
0 
0 
,a 


— 
i= 


3] 


4,,45,43 eZ" U {0} cV; 


W is a semi vector subspace of V of type I over the semifield S. 


Example 3.39: Let 


a, €Q™ U{0t,1<i<8 
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be a semivector space of super column matrices of type I over the 
semifield S = Z” U {0}. 
Consider 
| [0, a, ] 
[0,a,] 
[0,a;] 
w= 1] O)| Io ez ug isissl cV; 
[0,a5] 
[0,a¢] 
[0,a, ] 
[ [0.45] 


W is a semivector subspace of V of type I over the semifield S. 
Infact V has infinitely many semivector subspaces. 


Example 3.40: Let 


| [0,a,] 
[0,a,] 
[0,a;] 


V= a, ER* U{0},1<i<10 
[0,a,] 


| [9,210] | 


be a semivector space of super column vectors of type I over the 
semifield S = Z’ U {0}. 


Consider W which is a semivector subspace of super column 
matrices of type I of V over the semifield S where 
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0 
[0,a, ] 
[0, a, ] 
[0,44] 
W= : a, €Q* Uf{0},1<i<7- CV; 
[0,a, ] 

0 
[0,a; ] 
[0,a,] 
| [0,a;] | 


Example 3.41: Let 


[ [0,a,] 


[0,a;] 
[0, a] 
0, 

v= {Oa ert ug<i<i4 
[0,a,] 


[0,a,,] 
[0,215] 
| O,a,4] 


be a semivector space of super column vectors of type I over the 
semifield S = Z’ U {0}. 


Consider 
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a,eZ’ U{0},l<i<6; CV 


is a semivector subspace of V of type I over the semifield S = Z” 
U {0}. 
Infact V has infinitely many subsemivector space of type I. 


Now we will give examples of type I semivector spaces. 


Example 3.42: Let 


[0,a,;] [0,a,] 

7 [0,a,] [0,ag] a, €Q’ VU {O},1<1s12 
[0,a,] [0,a,9] 
[[0,a;;] [0,a.] 


be a semigroup of super column vectors of same type under 
addition. V is a semivector space of super column vectors of type 
I over the semifield S = Z* U {0}. 
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Example 3.43: Let 


[0,a,] [0,a, ] [0,a,] [O,a, ] [0,49] [0,0] 
G= }][0,a3] [0,a,] / [0,a,,] [0a,2] [0,a,3] | [0,a,,] Ja, eZ" UO}, 1si<18 


[0,as] [0,a,] [0,a;5] [0,6] [0a,7] [0,a,¢] 


be the collection of super row interval vector of same type. G is a 
semigroup under addition G is a semivector space of super row 
interval vectors over the semifield S = Z VU {0} of type I. 


Example 3.44: Let 


[0,a,] | [0,a,] [0,a7] | [0,aj9] [0,a,3] [0,a,,] 
V = 4/[0,a,] | [0,a;] [O,ag] | [0,a,,] [0,a,,] [0,a,,] a, EZ’ U0}, 1<i<18 
[0,a3] | [0,a5] [0,49] | [0,a,,] [0,a,;] [0,a;¢] 


be a collection of super row interval vector of type different from 
one mentioned in example 3.43. V is a semivector space of super 
interval row vectors of type I over the semifield S = Z" U {0}. 

Thus using the same 3 x 6 interval matrix we can get several 
semivector super interval row vectors of type I where as we can in 
case of 3 x 6 interval matrix construct only one semivector 
interval row vector space. 


Example 3.45: Let 


[0,a,] | [0,a,] [0,a,,] | [0,a,.]| 
[0,a3] ] [0,a;] [0,a,.] | [0,47] 
Vv = 4{ [9.44] | 10,as] [0,a;,] | [0,415 
[0,a;] | [0,a,] [0,a,,] | [0,a,, 
LO,a¢] | [O,ayq] [0,a;5] | [O,ar9] | 


a, €Q* U{O},1<i< 20 


a) 
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be the collection of super interval row vectors of the same type. V 
is a semivector space of super interval row vectors of type I over S 
=Z u {0}. 


We can have several semivector space of super interval row 
vectors of type I over S. 


Now we proceed onto give examples super semivector space of 
interval matrices of type I and super semivector space of interval 


square matrices of type I. 


Example 3.46: Let 


| [0,a,] | [0a] [0,5] 


[0,a,] | [O,a;] [0,a,] 

V= 3} [0,a7] | [0,ag] [0,a,] JJa; eZ" U{O},1<is15 
[0,ai0] | [0,211] [0,212] 
[0,4,3] | [0,a,,] [0,a,5] 


be the collection of 5 x 3 super interval matrices of same type. V 
is a semigroup under addition. Clearly V is a super semivector 
space of interval matrices of type I over the semifield S = Z* U 
{0} (or semivector space of super interval matrices of type I over 
the semifield S = Z* U {0}). 


Example 3.47: Let 


[0,a,] | [as] [0,a5] [0a] | [04,2] [0,a,3] | [0,a,4] 
W = J/[0.a2]] [0,46] [04,5] [0,a,)] | [0,a,,] [0,a,7] | [0,5] 
[0,a3] | [0,a,] [0,a,)] [0,a,9] } [0,a5,] [0,a,,] | [0,a,5] 
[0,4] | [0,ag] [0,44] [0,a,5] | [0,a2,] [0,227] | [0,25] 


a, €Q* U {0}, 1<i<28 


be the collection of all 4 x 7 super interval matrices of a specified 
type. Clearly W is a semigroup under super interval matrix 
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addition. Now W is a semivector space of super interval 4 x 7 
matrices of type I over Z” U {0} =S. 

We see infact we can have several semivector spaces of super 
interval 4 x 7 matrices of type I over Z” U {0} by changing the 
types of super interval matrices which is impossible in case of 4 x 
7 interval matrices. This is possible only in case of super interval 
matrices. 


Example 3.48: Let 


| (0,a,] [0,a,] | [0,a,] [0,a4] ] 
[0,a;] [0,a,] | [0,a,] [0,a,] 
[0,a)] [0,a,] | [0,a,,] [0,a,.] 
V = 4|(0,a,,] [0,a,4] | [0,a,5] [0,a,.] |]a; eR* U{O},1<is< 28 
[0,a;7] [9,aig] | [9,29] [0,429] 
[0.431 [0,43] | [0.25] [0,4] 
L[0,a55] [0,436] | [0,427] [0,425] 


be a collection of super interval 7 x 4 matrices of a specified type. 
Consider V under super interval matrix addition. V is a 
commutative monoid. Now V is a semivector space of super 
interval 7 x 4 matrices of type I over the semifield S = Z" U {0}. 


Infact several semivector spaces can be constructed by 


changing the partition of the 7 x 4 matrices. 


Example 3.49: Let 


| [0,a,] [0,a,] [0,a3] | 
[0,a,] [0,a5] | [0,a.] 
V=4|[0.a,] [0,ag] | [0,49] 
[0,a;9] [0,a;,] | [0,a,5] 

| [0,413] [0,24] [02,5] | 
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where aj € Q’ U {0} ; 1 <i < 15} be the collection of 5 x 3 super 
interval matrices of one specified type of partition. 

V is semigroup under addition. V is a semivector space of 
super interval 5 x 3 matrices over the semifield S = Q” U {0} of 
over I. 


Example 3.50: Let 


[0,a,] [0,a,] | [0,a,,] [0,a,.] | [0,a,3] 
[0,a,] [0,a,] | [0,a,,] [0,a,5] | [0,a,.] 
P= [0,a;] [O,ag] | [0,a,,] [O0,a,.] | [0,aj,] a; eZ U{0},1<1<25 
[0,a,] [0,a)] | [0,a5)] [0,a,,] | [0,a,.] 
[0,a;] [0,a,9] | [0,a.,] [0,a,,] | [0,a,.] 


be the collection of super interval square matrices of one 
specifield type. P is a semigroup under addition. Infact P is a 
semivector space of super interval square matrices of type I over 
the semifield S = Z* U {0}. 

Infact by varying the partition on the 5 x 5 interval square 
matrices we get different classes of semivector spaces of type I 
over S. 


Example 3.51: Let 


[0,a,] | [9,a,] [0,a;] 
V = 4{[0.a,] | [0,as] [0,a,]| a, eZ* U{O},1<i<9 
[0,a;] | [0,a;] [0,a,] 
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be a semivector space of super interval square matrices of a 
specified type over S = Z' U {0} the semifield of type I. 


We will study how many such super semivector spaces can be 


got using 3 x 3 interval matrices. 


Taking 


[0,a,] | [0,44] | [0,a,] 
[0,a5] | [0,ag] 


[0, a4] 


Wie a, €Z* U{0},1<i<9 


is again semivector space of type I over S. 


[0,a,] [0,a,] 
W2 = s|[0,a,] | [0,a;] [0,ag] }Ja; eZ” U {0}, 1<i<9 
[0,a;] | [0,a,] [0,a,] 


is again a semivector space of type I over S. 


[0,a,] | [0,a,] [0,a,] 
W3 = 4/[0,a,] | [0,a;] [0,ag] }la; eZ* U{O},1<i<9 
[0,a;] | [0,a,] [0,a,] 


is again semivector space of type I over S. 


[0,a,] [0,a,] [0,a,] 
W4= 4{[0,a5] [0,a5] | [0,a,] | ]a, eZ* U{0},1<i<9 
[0, a3] [0,a,] [0,a9] 


is again a semivector space of type I over S. 
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[0,a,] [0,a,] [0,a,] 
Ws = 5|[0,a,] [0,a;] [0,ag]} ]a,; e@Z7 U{0},1<i<9 
[0,a,;] [0,a,] [0,a,] 


is again a semivector space of type I over S. 


[0,a,] [0,a,] [0,a,] 
We = 4|[0,a,] [0,as] [0,a,]| Ja, eZ* U{O},1<i<9 
[0,a;] [0,a,] [0,a,] 


is again a semivector space of type I over S. 


[0,a,] [0,a,] [0,a,] 
W7 = 4|[0.a5] | [0,5] | [0,a,] | |a, eZ* U{0},1 Si <9 
[0,a3] | [0,a,] | [0,a,] 


is again a semivector space of type I over S. 


[0,a,] [0,a,] [0,a,] 
Ws = +{[0,a,] [0,a;] [0,a,] |] a, e@Z* U{0},1<i<9 
[0,a3] [0,a,] [0, a9] 


is again a semivector space of type I over S. 


[0,a,] [0,a,] | [0,a,] 
Wo = 5|[0,a,] [0,a;] | [0,ag] } ]a; eZ" U{O},1<i1<9 


[0,a,] [0,a,] [0,a9] 


is again a semivector space of type I over S. 
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[0,a,] [0,a,] | [0,a,] 
Wi0= 4|[0,a,] [0,a5] | [0,ag]] |a; eZ> U {0}, 1<i<9 
[0,a;] [0,a,] | [0,a9] 


is again a semivector space of type I over S. 


[0,a,] | [0,a,] [0,a,] 
Wii = 4} [0,a,]} [0,as] [0,ag] || a, €Z* U{O},1<i<9 
[0,a; ] [0,a,] [0,a,] 


is again a semivector space of type I over S. 


[0,a, ] [0,a,] [0,a, ] 


Wi2= [0,a, | [0,a;] [0, a] a, €Z* U{0},1<i<9 
[0,a;] [0,a,] | [0,a,] 


is again a semivector space of type I over S. 


[0,a,] [0,a4] [0,a, ] 
Wi3 = 4| [0,a,] | [0,a;] | [0,ag] | ja; eZ” Uf}, 1 <is9 
[0,a] [0,a, ] 


is again a semivector space of type I over S. 


[0, a, ] 


[0,a, ] 
[0,a;] | [0,ag] ||a; eZ U {0},1<i<9 
[0, a, ] 


Wi= 
[0,a3] 


is a Semivector space of type I over S. 
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Thus we have 15 semivector space of type I using super 
interval 3 x 3 matrices, which is impossible in case of 3 x 3 
interval matrices. 


Example 3.52: Let 


[0,a,] 
[0,a5] 


[0,a,] [0, a; ] [0,a,] 
[0, ag] 
[0,a,5] 


[0,a,¢] 


a, €Z* U{0},1<i<16 


[0,a,3] 


be a semivector space of super interval square matrices of type I 
over the semifield S=Z* U {0}. 


Now having seen examples of semivector spaces using super 
interval matrices we now proceed onto give examples of 
subsemivector spaces of type I. 


Example 3.53: Let 


[0,a,] [0,a,] [0, a, ] [0,a, ] 
[0,a;] | [0,a,] [0,a,] [0,ag] a, €Z* U{0},1<i<16 
[0,a,] | [0,a,)] [0,a,,] [0,a,,] 
[0,a:3] | [0,a;,] [0,a,5] [0,a,6] 


be a semivector space of super interval square matrices of type I 
over the semifield S = Z" U {0}. 
Take 
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0 [0,a, ] [0,a3] [0,a,] 


0 |[0,a6] [0,a,] [0, 
[Ove] [var] [asl |. ez Caisicst CV 
(oal| 0 oO O 


[0,a,]|} 0 0 0 


is a semivector subspace of type I over S of V. 


Consider 
[0,a,] |... [0,a,] 
0 
W, = [O,as] a, €5Z* U{O},1<i<l6; CV 
[0, a, | a 
[0,215] [0,216] 


is a semivector subspace of V of type I over S. 


Example 3.54: Let 


[O,a,] .. [O,a,] | [Oa,] [O,ag] |... [0,a,5] 
V= 4) [ae] -- [0a] | [Qa] [0a5] |. [Oax] |}a, Q” U{O},1<i <45 
[O,a5,] ... [O,a5¢] | [0,457] [O,asg]]... [0.4.5] 


be a semivector space of type I over S = Z" U {0}. 
Consider 


[0.a,] .. [Oac] | [0.a,] [Oa] |... [O.a,5] 
P= 4![0,a,,] .- [0,a5,] | [0,a>] [0,a,3]}... [O,a39] | |a, 3Z° U0},1<i< 45 


[O,a5)] .. [O,as6} | (O,as7] [Oagg]} |. [O,ags] 


c V, P is a semivector subspace of V of type I over the semifield 
S=Z' uv {0}. 
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Example 3.55: Let 


[0,4] [0,a,] [0,45] 
[0,a,] [0,a5]  [0,a,] 
[0,a,] [O,ag] [0,a9] 
[0,a;9] [0,a,,] [0,a,5] 
10,4;3] [0,a,4] [0,a,5] ‘ 
V= [Ga] Wael [Oa a1 [al a, eZ U{0},1<i1<30 
[0,a,5] [0,439] [0,a5,] 
[0,45] [0,43] [0,a24] 
[0,5] [0,46] [0,457] 
[0,458] [0,45] [0,430] 


be a semi vector space of super interval column vectors of type I 
over the semifield S= Z” U {0}. 

Let T = {all 10 x 3 super interval column vectors of type 
described in V with entries from 5Z° U {0} c V. T is a 
semivector subspace of V of type I over the semifield S = Z” U 
{0}. 

Now we will define subsemifield semivector subspace W of a 
semivector space V over the semifield S. 


DEFINITION 3.6: Let V be a semivector space of super interval 
matrices of type I over the semifield S. If W <V, be such that W is 
a semivector space of super interval matrices of type I over a 
subsemifield F of the semifield S, then we define W to be the 
subsemifield semivector subspace of type I of V over the 
subsemifield F of the semifield S. 
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We will illustrate this by some simple examples. 


Example 3.56: Let 


be a semivector space of super interval matrices of type I over the 
semifield S= QU {0}. 


Consider 


a, €Z* U{0},1<i<6} CV; 


W is a subsemifield semivector subspace of V of type I over the 
subsemifield Z” U {0} =F of the semifield S = Q” U {0}. 

Clearly W is a semivector subspace of V over the semifield S 
=Q' vu {0}. 

If a semifield S has no subsemifield and if V is a semivector 
space of super interval matrices defined over that S then we say V 
is a pseudo simple semivector space of super interval matrices of 
type I over S. 


We will illustrate this situation by some examples. 
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Example 3.57: Let 


ee 
[0.a,) [0.a5] [0.a,] 
WS Wee] 1Oies] | 10aa) 
[0,a;9] [0,a,,] [0,a,,] 
[0,a,3] [0,a,,] [0,a;5] 


where a; € Z' U {0}, 1 <i < 15} be a semivector space of super 
interval column vectors of type I over the semifield S = Z’ U {0}. 


Clearly S has no subsemifields hence V is a pseudo simple 
vector space of super interval column vectors of type I over S. We 
see V has non trivial semivector subspaces of super interval 
column vector of type I over S. 


Example 3.58: Let 


[0,a,] [0,a,] |[0,a;,] [0,a,] [0,a,]][0,a,] 
V= |} [9.47] [0a] 
[0,a,3] [0,a,4] 
[0,a,5] [Oar ]} ... hy [0,454] 


a, €Q* U{O},1Si< 24 


be a semivector space of super interval matrices of type I over the 
semifield S = Z" U {0}. 

Since S has no subsemifields V is a pseudo semivector space 
of super interval matrices of type I over S. 


Now we can characterize pseudo simple semivector spaces of 
super interval matrices. 
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THEOREM 3.5: Let V be a semivector space of super interval 
matrices of type I over the semifield S = Z’ U {0}. V is a pseudo 
simple super interval matrices of type I over S. 


The proof is direct and hence is left as an exercise for the 
reader to prove. 

Now we proceed onto define other types of semivector spaces 
which we choose to call as semivector space of super interval 
matrices of type II. 

We just recall I (Z” U {0$) = {[0, a]J| ae ZU {0}.} isa 
semifield. 

Similarly I (Q” U {0}) = {[0, a] |a € Q’ U {0}} is a semifield 
and I (R° U {0}) = {[0, a] |a R® U {0}} is a semifield. Clearly I 
(Z’ U {0}) has no subsemifields but I (Q” U {0} and I (R™ vu {0) 
has proper subsemifields. 


DEFINITION 3.7: Let V be a collection of super interval matrices 
of same type be a semigroup under addition (that is with same 
partition). 

S=1(Z vu §0)) or I (R” VU {0}) or I (O” VU {0}) be the 
semifield of intervals. If V is a semivector space over S then we 
define V to be a semivector space of super interval matrices of 
super interval matrices of type II over the same field S. 


We will illustrate this situation by some examples. 


Example 3.59: Let V = {([0, a1] | [0, a2] [0, a3] [0, a4] | [0, as]) | ai 
e ZU {0}, 1 < i < 5} be a semivector space of super interval 
matrices of type II over the interval semifield S =1(Z* U {0}). 


Example 3.60: Let V = {((0, ai] [0, a2] | [0, a3] | [0, a4] [0, as] [0, 
as) | ai € Q” U {0}, 1 <i < 6} be the collection of all super row 
interval matrices of same type. V is a semigroup under addition. V 
iS a semivector space of super interval row matrices of type II 
over the semiring S =1(Z" U {0}). 
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For any x = ([0, 3] [0, 1/2] | [0, 7/5] | [0, 1] [0, 4] [0, 5]) and s 
= [0, 2] we have sx = (0, 6] [0, 1] | [0, 14/5] | [0, 2] [0, 8] [0, 10]) 
€ V. Thus V is a semivector space of super interval row matrices 
of type II over S. 


Example 3.61. Let V = {([0, ai] | [0, a2] [0, a3] | [0, aa] [0, as] [0, 
a6] [0, a7] | [0, as]) | ai © Z U {0}, 1 <i < 8} be the collection of 
all super interval row matrices of same type. V under addition is a 
semigroup with identity. V is a semivector space of super row 
interval matrices of type II over the semifield S =I (Z* U {0}). 


Example 3.62: Let V = {([0, ai] [0, a2] [0, a3] [0, a4] | [0, as]) | a, € Q* U 
{0}, 1 <i < 5} be a collection of super interval matrices of same type. 
V is a semigroup under addition. V is a semivector space of super row 
interval matrices of type II over the semifield I (Q* U {0})=S. 


We will give examples of other super interval matrices. 


Example 3.63: Let 


[0, 
V = 4|[0,a5]| la, €Q* U (0},1<i<9 
[0,a¢] 


[0,a,] 
[0,a.] 
| [0,24] | 


be a collection of super interval column matrices of same type. V is a 
semigroup under addition. Choose S = 1 (Z* U {03) semifield. 

Clearly V is a semivector space of super column interval matrices of 
type II over S the interval semifield. 
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For if 


| [0,3] | [ [0,12] 

[0, 2] [0,8] 

[0,1] [0,4] 

[0,0] [0,0] 

x =| [0,1] | € V ands = (0, 4] then sx = | [0,4] 
[0,2] [0,8] 
[0,0] [0,0] 

[0,3] [0,12] 

| [0,91 | | [0, 36] 


Example 3.64: Let 


[0, a, ] 
[0,a, | 
[0,a ] 
[0,a5 ] 


P= a, Ee R* U{0},1<i<10 
[0,a, | 
[0,a, ] 
[0, a, ] 
[0, a, ] 


[0, a1] 


be the collection of super interval column matrices of same type. P is a 
semigroup under addition. 

Thus P is a semivector space of super interval column matrices over 
the interval semifield S =I (R* U {0}). 
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Example 3.65: Let 

[ [0,a,] 
[0,a, ] 
[0,a,] 
[0,a, ] 
[0,a5] 
| [0,46] 


a, €Z* U{0},1<i<6 


be a semivector space of super column interval matrices of type II over 
the interval semifield S =1(Z* U {0}). It is interesting to observe that V 
cannot be a semivector space over any other interval semifields. 


Example 3.66: Let 


[0,a,] | [0a] [O,a3] | [0,a,] [0,a5] [0,a,] 
V= [0,47] | [O,ag]} [0,45] | [0,a9] [0,4] [0,a,] 
[0,a;3] | [0,a,4] [0,a,5] | [O,aj¢] [0,47] [0,a,¢] 
[0,a;5] | [0,429] [0,a,;] | [0,42] [0,a,;] [0,a,,] 


a, eZ’ UM}, 1 sis 24 


be a semivector space of super row vectors over the interval semifield S 
=1(Z u {03) of type II. 


Example 3.67: Let 

[[0,a,] [0,a,]  [0,a,] | 
[0,a,] [0,a5] [0,a,] 
[0,a,] [O,a,] [0,a,] 
W= 3} [0,a;9] [0,a,,] [0,a,.] a, €Z* U{0},1<i<21 
[0,a;3] [0,a,4] [0,a,5] 
[9,46] [0,a,,] [0,a,5] 
[0,419] [0,459] [0,a,,] | 


be a semivector space of super column vectors of type II over the 
interval semifield S =I (Z* U {0}). 
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Example 3.68: Let 


[0,a,] [0,a,] [0,a,] 7 

[0,a,] [0,as] [0,a6] 

[0,a,] [0, a, ] [0, a, | 

[0,ai9] [0,a;,] [0,42] . . 

— [0,a,;] [0,a,,] [0,a,5] a, <Q’ VU {0}, 11s 24 

[0,a,6] [0,a,,] [0,a;8] 

(0.06) [0,029] (0,8 

[0,a,.] [0,a,;] [0,454] ] 


be a semivector space of super column vectors of type II over the 
interval semifield S =1(Z* U {0}). 


Example 3.69: Let 


[0,a,] | [0,a,] [0,a,] | [0,a,,] [0,a,7] [O,a,¢] 
[0,a,] | [O,ag] [0,a,] | [0,a,,] [0,a,] [0,a5,] 
aes [0,a,] | [0,a,5] [0,a;,] | [0,a2] [0,a,,] [0,a,,] Ja, eR” U{O},1 <i <30 
[0,24] | [0,4,2] [0,a)3] | [0,425] [0,455] [0,a57] 
[0,a5] | [0,a,,] [0,a,5] | [0,a.¢] [0.a.] [0,a59] 


be the semigroup of super row interval vectors under addition. V is a 
semivector space of super row interval vectors of type II] over S = 1 (Z" 


U (05). 


Example 3.70: Let 


[ [0,a,] [0,a, | [0,a5] | 
[0,a,] | [0,a;] [0,a,] 
. [0,a,] [0,a¢] [0, a9] ie : 
we [0,a,9] | [0,a,,] [0,a,.] pe a 
10,a;3] | [04,4] [0,a,5] 
| LO, aie] | [0.a,,] [0, ag] 
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be a semivector space of super interval matrices over the interval 
semifield S =I (Z* U {0}) of type IL. 


Example 3.71: Let 
[0,a,] | [0,a,] [0,a3] 


W = 4/[0,a,] | [0,a;] [0,a,]|]a, ¢Z* U{0},1<i<9 
[0,a7] [0,ag] [0,a, |] 


be a semivector space of super interval square matrices over the interval 
semifield S =I (Z* U {0}) of type IL 


Example 3.72: Let 


[0,a,] | [0,a2] 


V = 5|[0,a;] | [0,a,]] |a; eZ7 U {0}, l<i<6 
[0,a5] | [0,a¢] 


be a semivector space of super interval matrices of type II over the 
semifield S=1(Z" U {03). 

We see we have by this definition get more and more semivector 
spaces. We now give the number of semivector spaces V given in 
example 3.72 


[0,a,] | [0,a,] 
Vi = 4} [0,a,] | [0,a,] ||a; eZ* U (O},1<i1< 6 
[0,a5] | [0,a,] 
is a semivector space of type II over S. 


[0,a,] [0,a,] 
V2= 4|[0,a;] [0,a,] }|a, eZ* U{O},1<i<6 
[0,a;] [0,a¢] 


is a semivector space of type II over S. 
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[0,a,] [0,a,] 
V3= 4|[0,a;] [0,a,]|]a; eZ U{O},1<i<6 
[0,a;] [0,a,] 


is a semivector space of type II. 


[0,a,] [0,a,]] 
Va= 4{[0,a;] [0,a,]] ]a;eZ° U {0}, 1<i<6 
[0,as] [0.a6]| 


is a semivector space of type II. 


[0,a,] | [0,a,] 


Vs = {| [0,a,] | [0,a,]] ]a; eZ> U {0}, 1<i<6 
[0,a;] [0,a,] | 


is a semivector space of type II V is given in example 3.72. 


[0,a,] | [0,a,] 
Vo= 4|[0,a;] | [0,a,] a, EZ Ui{0t,1<i<6 


[0,a5] [0,a,] 


is a semivector space of type II over S=I(Z* U {0}). 


[0,a,] | [0,a,] 
V7= 4| [0,a3] | [0,a,]] Ja; @Z7 U {0}, 1<i<6 
[0,a;] | [0,a,] 


is a semivector space of type II over S. 


We see using the interval 3 x 2 matrix we can construct seven such 
super semivector spaces. This is one of the main advantages of using 


super interval matrices in place of usual interval matrices. 
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Example 3.73: Let 


; [0,a,] | [0,a,] [0,a,] | [0,a,] | 

[0,a5] | [0,a,] [0,a,] | [0,ag] 

[0,a)] | [0,a,9] [0,a,,] | [0,a,, ] 

ve [0,a;3] | [0,a)4] [0,a,5] | [0,a,6] 

[9,4,7] | [9,a;5] [04:5] | [0,450] 

[0,42] | [0,455] [0,43] | [0,454 ] 

[0,455] | [0,456] [0,457] | [0,a5¢] 
[[0,a.9] | [0,a59] [0,a5,] | [9,a5,] | 


a, €Q* U {0}, 1<i<32 


is a semivector space of super interval square matrices of type I] over 
the interval semifield S =1(Z" U {03). 


Consider 


[0,a.o]] 
[0,a,,] 
[0,a,,] 


0 


a, €Q* U{0},1<i<13 


H is a semivector subspace of V over the interval semifield S = 1 (Q” U 


{0}) of type II. 


119 


Example 3.74: Let 


| [0,a,] [0,a,] [0,a;] [0,a,] | 

[0,05] [0a] [0,2] [0.26] 

[0,a,] [O,a;9] [0,a,,;] [0,a,,] 

[0,a,3] [0,a,4] [0,a,5] [0,a,6] 

ws [0.4.7] [0,a;5] [0,a,)] [0,a29] a, €Q* U{0},1<i< 40 

[0,a,, ] aus is [0, a3. ] 

[0,a,, ] a ae [0,a3, ] 

[0,a,5] 26 ms [0, a5. | 

[0, a4 ] [0,a35] 
[[0.295] [0,40] | 


be a semivector space of super column vectors of type II over the 
semifield S =1(Z" U {0}). 


Consider 
| [0,a,] .. .. [0,a,] | 
(Ostet ox ce [Ostet 
[OETA oss Soe RORaes | 
[O,a,,] .. .. [0,a,,] 
ppc | Lote set os [Ov 6] a, €Z* U{0},1<i<40$ CV; 
[0, ai] eae eine [0, a5, ] 
[[0,a.5] -- =. [O,a4o] | 


H is a semivector subspace of super column vectors of type II over the 
interval semifield S =1(Z* U {0}). 
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Example 3.75: Let 


[0.4] (0a) | [0.a,] | [0a] .. [aT] 
(0,a,,] [0,a,4] | [0,a,5] | [Qa] ... [0.a4] 
V = 4{[0,a,5] [0,426] | [0,427] | [0a]... [0,a56] |]a; €Z” VU {0},1<i< 60 
[0,457] [O,asg] | [0,439] | [O,aup] -- [O,ag] 
[0,a49] [0,as9] | [0,a5)] | [O,as>] [0,a¢9] | 


be a semivector space of super interval row vectors of type IT over the 
interval semifield S =I (Z* U {0}). 
Consider 


[0, a,] [0,a, ] [0, a; | [0, a,] aoe [0, ay] 
WS ot lla, €3Z* U{O},1<i< 60 
[0,a49] [0,a59] | [0,a5,] | [0.a5.] ... [0,a¢q] 
c V. W isa semivector subspace of V over the semifield S of type II. 
Example 3.76: Let 
[ [0,a,] 
[0, a] 
[0,a,] 
v=4] *° | la, eZ*UO},1<i< 20 


[0,a46 ] 
0,a,7] 


[ 
[0,a,¢] 
[ 
[ 


0,a,9] 
| [0,29] 


be a semivector space of super column interval matrices of type II over 
S=I(Z vu {0}). 
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Consider 


[ [0,a,] 


[0,a5] 
[0,a¢] 


H=4| * | Ja, €5z* U{0},1<i<20$ CV; 
[0,216] 


[0,a,,] 


| [0, a0 ]| 
H is a semivector subspace of the super column interval matrices of type 
Il over S=1(Z" U {03). 


Example 3.77: Let P = {([0, a;] ... [0, as] | [0, a6] [0, a7] | [0, as] [0, ao] 
[0, aio] [0, ais] | [0, aiz]) | a Ee QU {0}; | <i < 12} be a semivector 
space of super interval row matrix over the interval semifield S = I (Z” 
U {0}) of type IL. 

Consider K = {([0, ai] ... [0, as] | [0, a6] [0, a7] | [0, as] [0, ao] [0, aio] 
[0, aii] | [0, arz]) | a € 3Z” U {0}; 1 <i < 12} CP; K is a semivector 
subspace of super interval row matrix over the semifield S of type II of 
P. 


Example 3.78: Let 


[ [0,a,] [0,a,] [0,a5] | 
[0,a,] [0,a;] [0,a,] 
[0,a,] 


a, €Q* U{0},1<i<18 
[0,aio] | [0,a,;] [0,a,,] 


[0,a,3] | [0,a,,] [0,a,5] 
[[0,a15] | [0,a,,] [0,a,5] | 
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be a semivector space of super interval matrices of type II over the 
interval semifield S =1(Z* U {0}). 


Consider 
| [0,a,] | [0,a,] [0,a5] | 
[0,a,] | [0,a;] [0,a,] 
H= [0,27] | [0a] [0.6] a, €Z* U{0},1Si<18+ CV; 
[0,a;9] | [0,a,,] [0,a,.] 
[0,413] | [0,a,,] [0,a,5] 
1{0,a16] |} [0,a;7] [0,a:5] | 


is a Semivector subspace of super interval matrices of type II over S = I 
(Z’ U {0}). 

Now we will proceed onto define basis and some related results of 
these two types of semivector super interval matrix spaces. 

Let S be a semifield and V a semivector space of super interval 


matrices. If for any B = DSi (v; is a super interval matrix in V) and s; 
i 


e S. We say B in V is a linear combination of vi’s where v;’s are the 
super interval matrices. We also say 8 is linearly dependent on v;,’s if 8 
can be expressed as a linear combination of v;’s. We say the relation is a 
non trivial relation if atleast one of the coefficients s;’s is non zero. 

The set of super interval matrices (v; ... V,) satisfies a non trivial 
relation if v;’s is a linear combination of (v1, ..., Vj, Vj-is ---» Vk) 


We will illustrate this situation by an example. 


Suppose V = {((0, ai] | [0, a2] [0, as] | [0, a4] [0, as] [0, ao]) | ai € Z* 
U {0} 1 <1 <6} be a semivector space of super interval row matrices of 
type I over the semifield S = Z* U {0}. 

Consider the collection {vj, V2, ..., V6} where 


vi = ({0,1]|00|/000) 
vo = (0|[0, 1] [0, 1]| 000) 
v3 = (0|00|[0, 1]00) 
vs = (0|00|0[0, 1]0) 
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V5 


(0|00|00[0, 1]) and 
({0, 7] | [0, 2] [0, 2] | [0, 5] [0, 9] [0, 3]) in V. 


V6 
Now v6 = 7v,; + 2v2 + 5 (v3) + 9 (v4) + 3 Vs. 


However no other element can represent v; interms of the other elements 
in the set {v1, V2, ..., Vo} CV. 
Consider 


[0,a,] | [0,a,] [0,a5] 
[0,a,] [0,a,]||a, @Z° U {0},1<i<9 


[0,ay] [0,a9] 


the super semivector space of super interval matrices over the semifield 
S=Z' vu {0}. 
Suppose 
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[0,5] 
Py = | [0,7] 
[0,2] 


[0,1] [0,4] 
[0,6] [0,7] 
[0,9] 0 


where P; € V; 1 <i<9. 
It is easily verified 


Py = 5P,+7P,+3P;+1Py+4P; + 6P¢ + 7P7 + 9Ps 
[0,5] | [0,1] [0,4] 
= [0,7] | [0,6] [0,7] 
[0,2] | [0,9] 0 
Let 
[0,a,] [0,a,] 
V= He aie a, €Z* U{O},1<i<8 
[0,a,] [0,a,] 


be a semivector space of super interval column vector of type I over the 
semifield S = Z* U {0}. 
Consider the set 


[0,2] 0 0 [0,12] 

0 0 0 0 
Pe 9. glee lg. oP 

0 0 0 0 
0 0 [0,4] [0,60] 
0 0 0 0 

Pela yy eRe" iG pee 
[0,1] [0.1] [0,7] [0.7] 


Clearly P, is a linear combination of P,, P2 and P3 as 
Py a 2P, a 5P, + TP3. 
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Now having seen examples of a linear combination of super vectors 
in the semivector space we define a subset P of a super semivector space 
V to be a linearly dependent set if there exists a relation among them 
other wise the set P is said to be a linearly independent set. 


We will now give some examples of linearly independent set. 

Consider the semivector space V = {([0, a:] | [0, a2] [0, as] [0, a4] | 
[0, as] [0, ac]) | aa © ZU {0} 1 <i < 6} be a semivector space of super 
interval row matrices of type I over the semifield S = Z* U {0} 

Consider the set P = ({0, 2] | 0 0 0 | 0 0), ([0, 5] | 0 0 [0, 2] | 0 0), ([0, 
9]|000| [0, 1] 0])} < V. P is a linearly independent set of super row 
interval vectors (matrices). 


Interested reader can provide more examples. 
The following theorem is straight forward and the interested reader 
can prove. 


THEOREM 3.6: Let V be a semivector space of super interval matrices 
over the semifield S. If a € V is a linearly dependent set on {f; CV and 
if each B; € V is linearly dependent on {y then a is linearly dependent 
on {¥) CV. 


Now we proceed onto define the notion of set spanned by Ac V. 


DEFINITION 3.8: Let V be a semivector space of super interval matrices 
of type I over the semifield S. For any subset A of V, the set of all linear 
combination of vectors in A is called the set spanned by A and we 
denote it by (A), and A c (A), 

Thus if A CB then (A) c (B). 


We will illustrate this by some examples. 


Example 3.79: Let V = {([0, a:] [0, a2] | [0, a3] [0, a4] [0, as] | [0, a6]) | ai 
e Z u {0!; 1 <i < 6} be a semivector space of super interval row 
matrices over the semifield S = Z" U {0}. 

Consider A = {([0, 1] [0, 2] | 000 | [0, 1])} c V. Now <A> = {((0, 
a;] [0, 2a,] |000|[0, a])|a eZ VU {03} CV. Clearly A c <A>. So 
the set spanned by A is infact a semivector subspace of V over S. 
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Example 3.80: Let 
[0,a,] 
[0,45] 
[0,a5 | 
V= 3/(0,a,]| a, eZ* U {0}, 1<i<7 
[0,a5] 
[0,a6] 
| [0,a ] 


be a super semivector space of super interval column matrices over the 
semifield S = Z* U {0}. 
Consider 


[ [0,a,] 
[0.a,] 


0 
(A) = 9| [0,42] 


[0,a, ] 
[0,a;] 


0 


where aj, a2, a3 € ZU {0}}. 
It is easily verified (1) A < {A) and (A) is again a super semivector 
subspace of V over the semifield S = Z* U {0}. 
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Example 3.81: Let 


[O,a,] [0,a5]] [0,45] [0,a,3] [0,a,7] | [0,a,,] 
w= [0,a, ] [0,a,] [0,a,9] [0,a,4] [0, a, ] [0,a, ] a, EZ U{0},1<i<24 
[0,a;] [0,a,] | [0,a;,] [0.a,5] [0,a,,] | [0,a,3] 


[0,a,] [O,ag] | [Qa] [0.4.6] [0a] | [0,24] 


be a semivector space of super interval row vectors of type I over the 
semifield S = Z' U {0}. 


Consider the set 


[0,1] O |0 0 O|[01]) (O O|fo1] 0 O JO 
ee [0.1] 0 10 0 O| 0 00] 0 0 O J0 
0 [0,1]/0 0 O}fO1))/ }0 Of 0 O O JOP 
0 ([0,1];0 0 0} O 0 0} O O [0,1] | 0 
0 0} O 0 O70 
0 0} O- [0,1] 0]0 
cV. 
0 O}[01] 0 O]0 
0 0} O 0 O;0 
Now 
[0,a,] 0 |[0,a,] 0 0 | [0,a,] 
0, 0 0 (0, 0 0 
(A) = [0.4] [0.5] a,,8,a, EZ’ U0} 
0 [0,a,]}[0a,] 0 0 | [0,a,] 
0 [0,a,]] 0 0 [0a,]| 0 
EcV(Ac(A)). 


It is easily verifield (A) is a semivector subspace of V of super row 
interval vectors over the semifield S = Z” U {0}. 


128 


Example 3.82: Let 


[0,a, ] 
[0,a,] 
[0,a, ] 
[0,a,9] 
[0,213] 
[0,a,6] 
[0, a9] 


[0,a, | 
[0,a5] 
[0,a, ] 
[0,a,;] 
[0,24] 
[0,a,,] 
[0, a9] 


[0,a; ] 
[0,a¢] 
[0,a,] 
[0,a,5 ] 
[0,a,5] 
[0,a,¢] 
[0,a5;] 


where a; € Q’ U {0, 1 <i < 21} be a semivector space of super interval 
column vectors of type I over the semifield S = Q* U {0}. 


Consider the set 


0 [0,1] [0,1] 0 0 0 O 0 
[0,1] 0 0 0 0 0 O 0 
0 0 0 0 [0,1]; |90 [0,1] 0 
A= 0 0 [0,1] },| 90 0 0 0 0 0 cV 
0 0 0 [0,1] 0 0 O 0 
0 0 [0,1] 0 0 0 O- [0,1] 
0 [0,1] [0,1] 0 0 0 0 O 0 
be a set in V. 
Now 
[0,a,] [0,a,] 0 
[0,a, ] 0 0 
0 [0,a,] [0,a,] 
(A) = 0 0 [0,a,] }/a,,a,,a, EQ” U{O}-) CV 
0 [0,a, ] 0 
[0,a,] 0 [0,a; ] 
[0,a;] [0,a,] [0,a5] 


is a semivector subspace of V over the semifield S = Q* U {0}. 
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Now having seen examples of the spanning subset of a semivector space 
we now proceed onto give a theorem. 


THEOREM 3.7: Let V be a semivector space of super interval matrices 
over the semifield S of type I. Suppose B and C be any two subsets of V 
such that B CC then (B) c (C). 


The proof is direct and hence is left as an exercise for the reader to 
prove [38, 46, 50]. 


THEOREM 3.8: Let V be a semivector space of super interval matrices 
over the semifield S of type I. Let A = {aj, ..., a, be a subset of V. If a; € 
A is dependent on other vectors in A then <A> = <A \a;> 


This proof is also simple and hence is left as an exercise to the reader 
[38, 46, 50]. 

Now we proceed onto define the notion of basis of a super semi 
vector space over a semifield of type I. 


DEFINITION 3.9: A linearly independent set A of semivector space V of 
super interval matrices over the semifield S is called a basis of V if we 
that set A can span the semivector space V. 


We will illustrate this situation by some examples. 


Example 3.83: Let V = {([0, ai] [0, a2] | [0, as] [0, aa] [0, as] | [0, a6]) | ai 
UZ U {0}; 1 <i < 6} be a semivector space of super interval row 
matrices over the semifield S of type I. B = {([0, 1] 0 | 0 0 0 | 0), ([0, [0, 
1]|000| 0), ({0 0 | [0, 1] 00 | 0), (0, 0| 0, [0, 1], 0 | 0), (0, 0 | 0 0 [0, 1] 
| 0), (00|000|[0, 1]) < V is a super interval basis of V over S. 


Example 3.84: Let V = {({0, a:] | [0, a2] [0, as] | [0, ag] [0, as] [0, ac] [0, 
a7]) | ag UV QU {0}; 1 <i <7} be a semivector space of super interval 
row matrices over the semifield S = Z” U {0}. Consider B = {([0, 1] | 0 
0|000 0), ({0 | [0, 1]0|0000), ([0 | 0 [0, 1]|0000), (0|00| [0, 1] 
000), (0|00|0 [0, 1]00), (0|00|00 (0, 1] 0) (0|00|000 (0, 1])} 
c V isa linearly independent subset of V but is not a basis of V over Z” 
U {0}. 
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However if we take instead of the semifield S = Z’ U {0} the semifield 
Q’ u {0} will be a basis of V over Q* U {0}; the semifield. 


Example 3.85: Let V = {((0, ai] [0, a2] [0, a3] | [0, a4] [0, as] | [0, ac]) | ai 
U ZU {0}; 1 <i < 6} be a semivector space of super interval row 
matrices of type I over the semifield S = Z” U {0}. 

Consider B = {({0, 1] [0, 1] 0|00| 0), ({0 0 [0, 1] |00| 0), ([0 0 0 | 
[0, 1] [0, 1] | 0), (000|00| [0, 1])}} c V. B is a linearly independent 
subset of V but B is not a basis of V over the semifield Z” U {0}. 

Thus we see from these examples a linearly independent set is not a 
basis. Also basis of a semivector space of super interval matrices 
depends on the semifield over which the semivector space is defined. 


Further the following example will show that we can have more than the 
cardinality of the basis to form a linearly independent set. 


Example 3.86: Let V = {({0, a;] | [0, a2] [0, a3] | [0, a4]) | ai UZ’ U {0}; 
1 <i <4} bea semivector space over the semifield S = Z’ U {0} of type 
1. 

Consider B = {([0, 1] | [0, 1] [0, 3] | 0), (0 | [0, 4] [0, 7] | 0), (0|00| 
[0, 5]), ((0, 1] | 00 | [0, 2]), (0 | [0, 9] 0 | [0, 13])} c V. B is a linearly 
independent subset of V. But T = {({0, 1] | 00] 0), (0| [0, 1] 0| 0) (0|0 
0 | [0, 1]), (0 | 0 [0, 1] | 0)} < V to be a basis of V over the semifield S = 
Zu {0}. 

Clearly |T| = 4 but |B| = 5 still B is also a linearly independent set 
which is not a basis of V and |B] > |T| which is different from usual 
vector spaces. 


Example 3.87: Let 


[0,a,] | [0,a, 


[0,a, ] [0, a, 
[0,a3] | [0,a, 
[0,a4] | [0,ag 


ll 
ee ee 


where aj € ZU {0}, 1 <i < 8} be a semivector space of super interval 
matrices over the semifield S = Z* U {0}. 
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Consider 


[0,1] | 0 0] [0|[0,1]] fo} o 
2a |e 0| jo! o | jolfon 
0 jo! fponlol jo} o Piolo P 
O° WO! oo ol Oo) oye |o0 
0] fo 0 |0] fo 
0| jo] 0 0 [ol jo] o 
[0,1] |} 0]? }o]}fo11’| o Jol lo} o 
0 }o} Jo} o | |fo,1] 0] | 0 | [o,1] 


CV, B isa basis of V and |B| = 8. Thus the dimension of V is 8. 
Now let 


[0,7] 
0 
[0,5]| [[0,7]]} 0 


[0,19] | [0,23] |’ 
0 0 [0,11] | [0,43] 
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[0,101] ] | [0,19] 

0 | [0,19] 0 | [0,23] r 
"10 |} [0,17] |’ | [0,29] | 0 4 
0 | [0,13] 0 | [0,47] 


is a linearly independent subset of V. 


However T cannot form a basis of V over S = Z’ U {0}. Further |T| = 
10. Thus we see one can have more number of linearly independent 
elements than the basis of V. 


Example 3.88: Let V = {([0, a1] [0, a2] [0, a3] | [0, as] [0, as] | [0, a6]) | ai 
UR’ u {03; | <i < 6} be a semivector space of super interval row 
matrices over the semifield S = Z’ U {0} of type I. Consider V is of 
infinite dimension over S. Further V has infinitely many linearly 
independent elements. 

Infact V has T = {([0, ai] [0, ai] [0, ai] | [0, a1] [0, ai] | [0, ai]) | ai € 
Z’ UL {0'} c Vis an infinite set which is a linearly dependent set and is 
a semivector subspace of V. Clearly T is generated by {[0, 1] [0, 1] [0, 
1] | [0, 1] [0, 1] | [0, 1]; is a basis of T and dimension of T is one as a 
semivector subspace of V. 

However if V is considered as a semivector space over the semifield 
R* u {0} =F, then V has dimension 6 and the base elements are given 
by B= {({0, 1] 00|00| 0), (0, [0, 1] 0|00| 0), (0 0 [0, 1] |00| 0), (0 
00] [0, 1]0|0),(000|0[0, 1] | 0), (000 |00| (0, 1])} c Visa basis 
of V over the semifield R* U {0} and dimension of V is six. 


Now we proceed on to define the notion of linear transformation of two 
super semi vector spaces or semi vector spaces of super interval 
matrices. 


DEFINITION 3.10: Let V and W be two super semivector spaces or 
semivector spaces of super interval matrices defined over the same 
semifield §. A map / function T : V + W is said to be linear 
transformation of super semi vector spaces if T(av+u) =aT(v)+T 
(uw) for allu,v eVandaesS. 
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We will illustrate this situation by some simple examples. 


Example 3.89: Let V = {([0, a:] | [0, a2] [0, a3] [0, a4] | [0, as] [0, ac]) | ai 
U ZU {0}; 1 <i < 6} be a semivector space of super interval row 
matrices over the semifield S = Z* U {0}. 


Let 
[0,a,] [0,a.] 
[0,a;]  [0,a,] 
w= J] 4s] [a6] a, €Z* U{O}1<i<12 
[0,a;]  [0,a,] 
[0,a,] [0,a,9] 


[0,a,,;] [0,a,] 


be a semivector space of super interval column vector over the semifield 
S=Z' U {0}. Define T : V > W by T ((0, ai] | [0, a2] [0, as] [0, a4] | [0, 
as] [0, a6]) = 


[0,a,] [0,a,] 
[0,a,] [0,a,] 
[0,a,] [0,a;] 
[0,a,] [0,a,] 
[0,as] [0,a5] 


[0, a6 ] [0, AG ] 


is a linear transformation of V to W over S. 


Example 3.90: Let 


a, €Z* U{O}:1<i<8 
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be a semivector space of super interval matrices over the semifield Z° U 
{0} =S. 
Let 


w= |( a 
[0,a, ] 
be a semivector space of super interval matrices over the semifield S = 


Zs {0}. 
Define T : V > W as follows: 


[0,a,] [0,a,] [0,45] 
[0,a,] [0,a, ] [0,a. | 


a; crv sisal 


[0,a, ] [0,a; ] [0,a,] [0,a;] 
[0,a,]}[0,a,] [0,a,] [0,a.] 


for every super interval matrix in V. It is easily verified T is a linear 
transformation of V to W. 

If in the definition we replace W by V itself then the linear 
transformation is defined to be a linear operator on V. 


We will illustrate this situation by some examples. 


Example 3.91. Let V = {([0, a;] | [0, a2] [0, a3] [0, a4] | [0, as] [0, ac] | [0, 
a7]) | a; UZ U {0}; 1 <i <7} be a semivector space over the semifield 
S=Z' vu {0}. 

Define T : V > V by T ([0, a] | [0, a2] [0, as] [0, a4] | [0, as] [0, ac] | 
[0, a7]) = ((0, 3ay] | [0, a4] [0, a3] [0, as] | [0, as] [0, ac] | [0, 5a7]). It is 
easily verified that T is a linear operator on V. 


Interested readers can construct examples of linear operators of 


semivector spaces of super interval matrices of type I over the semifield 
S. 
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All results described, illustrated and studied for semivector spaces 
of super interval matrices over semifields of type I can be easily 
extended to the case of super semivector spaces of super interval 
matrices over interval semifields of type II. Further the study of basis of 
linear independent set dependent set, linear operator and transformation 
can be defined with appropriate modifications for type II semivector 
spaces. 
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Chapter Four 


SUPER INTERVAL SEMILINEAR ALGEBRAS 


In this chapter we for the first time introduce the notion of semilinear 
algebra of super interval matrices over semifields of type I (super 
semilinear algebra of type I) and semilinear algebra of super interval 
matrices over interval semifields of type II (super semilinear algebra of 
type II) and study their properties and illustrate them with examples. 


DEFINITION 4.1: Let V be a semivector space of super interval matrices 
defined over the semifield S of type I. If on V we for every pair of 
elements x,y € V; x.y is in V where ‘.’ is the product defined on V, then 
we call V a semilinear algebra of super interval matrices over the 
semifield S of type I. 


We will illustrate this situation by some examples. 


Example 4.1: Let V = {([{0, ai] [0, a2] | [0, a3] [0, aa] | [0, as] [0, a6] | [0, 
a7]) | a, UZ U {0}; 1 <i < 7} be a semivector space of super interval 
matrices defined over the semifield S = Z* U {0} of type I. 

Consider x = ([0, 5] [0, 3] | [0, 9] [0, 1] [0, 2] [0, 8] | [0, 6]) and y = 
({0, 1] [0, 2] | [0, 3] [0, 5] [0, 3] [0, 1] | [0, 5]) in V. We define the 
product ‘.’ on V as x.y =((0, 5] [0, 6] | [0, 27] [0, 5] [0, 6] [0, 8] | [0, 30]) 
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e V. Thus V is a super semilinear algebra of super interval row matrices 
over the semifield S of type II. 


Example 4.2: Let V = {([0, ai] [0, az] [0, a3] [0, a4] [0, as] | [0, ac] | [0, 
a7] [0, ag]) | aj U Z” U {0}; 1 <i < 8} be a semivector space over the 
semifield S = Z’ U {0} of type I. V is a semilinear algebra. 


Now we wish to show as in case of every linear algebra is a vector space 
but every vector space in general is not a linear algebra, likewise every 
semilinear algebra is a semivector space but a semivector space in 
general is not a semilinear algebra. 


THEOREM 4.1: Let V be a semilinear algebra of super interval matrices 
over the semifield S of type I then V is a semivector space of super 
interval matrices over the semifield S of type I. 


But a super vector space of super interval matrices of type I in 
general is not a semi linear algebra of type I over S. 

One way of the proof is obvious by the very definition of semilinear 
algebra. 

To prove the other part we give few examples. 


Example 4.3: Let 


[[0,a,] [0,a,]  [0,a3] 
[0,a,] [0,a;]  [0,a,] 
[0,a;] [0,ag] [0,49] 
[9,aio] [0,a,,] [0,a,.] 
[0,a;3] [0,a,,] [0,a,5] 
[0,a,,] [0,a,,] [0,a;¢] 


where a; U R* U {0}; 1 <i< 18} be a semivector space of super interval 
column vectors interval column vectors of type I over the semifield S = 
Q’ u {0}. Clearly no product can be defined on V so V can never be a 
super semi linear algebra of super interval column vectors of type I over 
the semifield S = Q’ U {0}. 


138 


Example 4.4: Let 


[0,a;]  [0,a,] 
[O,a,] [0,a,] 
[0,a,;] [0,a,.] 


[0,a,5] [0,a,7] 
[0,a,,] [0,a,] 
[0,a,] [0,a57] 
[0,a3,] [0,a3.] 


[0,a;] [0,a,] [0,a5] 
[O,ag] [0,45] [0.a,9] 
[0,a,;] [0.4.4] [0,a,5] 
[0,2] [0,a,5] [0,a59] 
[0,a,,] [0,44] [0,455] 
[0,ag] [0,a35] [0,a59] 
[0,a33] [0,a3,] [0,435] 


a, €Q* U0}: 1<i<35 


be a semivector space super interval matrices over the semifield S = Z” 


U {0} of type I. 


Clearly it is impossible to define any product on V so V is only a 
semivector space and not a semilinear algebra of super interval matrices 
of type I over the semifield S = Z* U {0}. 


Example 4.5: Let 


a, €Z* U{0};1<i<10 


be a semivector space of super interval column matrices over the 
semifield S = Z” U {0} of type I. V is not a semi linear algebra of super 
interval column matrices of type I over the semifield S. 
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Now having seen examples we can define semi linear subalgebra of 
a semi linear algebra which is carried out as a matter of routine. The 
reader is expected to give examples of this special substructure. Now we 
define a new concept called pseudo super linear subalgebra of a 
semivector space of super interval matrices over the semifield S of type 
I. 


DEFINITION 4.2:Let V be a semivector space of super interval matrices 
over a semifield S of type I. Suppose W < V, W be a semivector 
subspace of V over S of type I. If on W we can define a product so that 
W becomes a semilinear algebra but V is not a semilinear algebra then 
we define W to be a pseudo semilinear subalgebra of super interval 
matrices of type I of V over the semifield S. 


We will illustrate this by some examples. 


Example 4.6: Let 

[0,a,] [0,a;] 
[0,a;] [0,a,] 
[0,a,] [0,a,] 


V= 5 [0,a4] 
[0,a,] 


where a; U ZU {0}; 1 <i <9} be a semivector space of super interval 
matrices of type I over the semifield Z’ U {0} =S. 
Choose 


W= 0 Ofja,eZ* UM} CV, 
0 0 


W is a semivector subspace of V over the semifield S of type I. Clearly 
we can define product on W for if 


[0,8] /0 0 
A= 0 Oj andB=]} 0 
0 |0 0 0 


are in W then 
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is in W. Thus W is a semilinear subalgebra of type I over S. 
Thus W is a pseudo semilinear subalgebra of super interval matrices 
over S of V of type I. 


Example 4.7: Let 
[0,a,] [0,a,] | [0,a5] 
[0,as] [0,a¢] | [0,a7] 


[0,a,] 
[0,ag] 


[0,a5] [0,a,9] | [0,a,,] [0,a,5] 
L 


[9,413] [0,a,4] | [9.4.5] [0.a,6] 


where a; U Z* U {0}; 1 <i< 16} be a semivector space of super interval 
matrices of type I over the semifield S = Z° U {0}. 
Now choose a proper subset 


[0,a,] [0,a,] 
[0,a;] [0,a,] 
0 0 


a, €Z* U{O},1<i< 4} CV. 


0 
0 
0 
0 


ololo & 


Clearly W is a super semi vector subspace of V of type I over the 
semifield S. 


Consider 
[0,3] [0,10]|0 0 [0,1] [0,2]|0 0 
[0,2] [0,1] |0 0 i D 3] . 0 0 
“1 0 6. fe ol 0 0 
0 0 0 0 


in V. 
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We see 
[0,33] [0,46] 


_ | 10.5] [0,8] 
| 0 0 
0 0 


Thus W is a semilinear algebra over the semifield S of super 
interval matrices. So W is a pseudo semi linear subalgebra of V of super 
interval matrices of type I of V over the semifield S. 

If V has no pseudo semilinear subalgebra we call the semi vector 
space to be pseudo simple. 


Example 4.8: Let 


[0,a,] [0,a,] | [0,a;] [0,a,] [0,a5] 
[O,a,] [0,a;] | [0,ag] [0,5] [0,440] 
V= 4} [0,a,,] [0,a,] | [0,a,,] [0,a,,] [0,a,5] Ja, eQ” UO}, 1<i< 25 
[0,415] [0,4:7] | [04g] [0,a,5] [0,259] 
[0,a5,] [0,3] | [0,a,3] [0,a4] [0,455] 


be a semivector space of super interval matrices of type I over the 
semifield S = Z* U {0}. 
Consider 


a, €Q’ UL}, 1Si<4- CW. 


It is easily verified W is a semivector subspace of V of super interval 
matrices of type I over the semifield S = Z” U {0}. 
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Consider 


0 0 0 
0 0|[0,4] [0,5] | 0 
A= andB=/0 0/|{[0,7] [0,7] | 0 
0 0} O 0 |0 
0 0} O 0 |0 
in W. 
Consider 
0 0 0 0 0 
0 0} [0,19] [0,22] | 0 
AB=]0 0| [0,46] [0,54] |0] € W. 
0 0 0 0 0 
0 0 0 0 0 


Thus we see a product ‘. 


6°? 


is well defined on W. Hence W is a 


pseudo semilinear subalgebra of V of type I over S. 


Example 4.9: Let 


[0, a, ] 
[0,a5] 
[0,a. 
[0,a, 
[0,a, 


a es ee 


[0,a,9] 


[0, a, | 
[0,a,] 
[0,a¢] 
[0,a¢ ] 


a, €Q* U{0},1<i<10 


be a semivector space of super interval matrices. V has no pseudo 
semilinear subalgebra so V is a pseudo simple semivector space of super 
interval matrices over the semifield S = Z* U {0} of type I. 


All these results can be easily worked out for type II semivector spaces 
with appropriate modifications. This task is left as an exercise to the 


reader. 
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Another way to study semivector spaces of super interval matrices 
is to introduce the notion of set semivector spaces of super interval 
matrices or set super semivector spaces. For these are very strong 
algebraic structures to derive properties and for it to find applications is 
we need to make them less strong algebraically. This is done by 
introducing set semivector spaces of super interval matrices. 


DEFINITION 4.3: Let S be any set and V be a set of super interval 
matrices. We say V is a set vector space (set super vector space) of 
super interval matrices over the set S if for ally € V ands €S, vs and 
sv are in V. 


We will illustrate this by some simple examples. 

Example 4.10: Let V = {([0, a:] | [0, a2] [0, a3] | [0, a4]), ([0, ai] [0, a2] | 
[0, as]), ([0, ar] [0, a2] [0, a3] | [0, a4] | [0, as] [0, ac]) | ai € Z” U {0}; 1< 
i < 6} be a set of super interval row matrices. V is a set vector space 


over the set S = {0, 1, 2, 3, 4, 5}. 


Example 4.11: Let 


[0.44] [0.a,] | [0.a,] 
_ |) [a] [0.a3] | (0.a4] oP 
V= [oa.] ([0,a,] [0,a,] [0,a5]| [0,a4]), (oa.]| fa, a, €Z* UO I<i<8 
a] [0.a,] | [0.9] 


be a set of super interval matrices. V is a set vector space of super 
interval matrices or set super vector space over the set S = {0, 1}. 


Example 4.12: Let 


[0,a,]} [9,a,}) | [0,a)] | [0,a,]} | [0,a.] | [0,25] 
ya j| a [Ona] | [0.43] | {O,ag]] ] [0.a5] [O.a4]] 
[0,a5] [0,a¢]]’ | [0,a5] | [0,a,]]” | [0,a5] | [0,a,] 
[9,a;] [O,ag]} [[0,a;]} | [0,as]} [[0.a;] | [0,a,] 
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[ [0,a, ] 
[0,a, ] 
[0,a3] |,([0,a,] [0,a,] [0,a;] [0,a,] [0,a;]|[0,a,] [0,a,]), 
[0,a,] 

| [0,a5] 


[0,a,] | [0,a5] [0,a,] | [0,a,] 
[0,a,]} [0,ag] [0,a5] | [0,a,,] 
[0,a;,] | [0,a,,] [0,a,,] | [0,a,,] 
[0,a,] | [0,a,,] [0,a,5] | [0,a,,] 


a, €Q* U{0}, 1 <i <16 


be a set of super interval matrices. Choose the set S = {5Z° U {0}, 2Z” 
U {O}}. 

Clearly V is a set super vector space of super interval matrices over 
the set S. Now from these examples it is clear that we do not demand the 
perfect algebraic structure in V or in the set S just as we like we can 
induct any number of super interval matrices depending on demand and 
use a set S so that V is a set super vector space over S. 

This sort of flexibility cannot be enjoyed by the semivector spaces 
of super interval matrices defined in earlier chapters of this book. 


Example 4.13: 
[0,a,] | [0,a,] [0,a3] 
[0,a,] | [0,a5] [0,a¢]], 
[0,a,] | [0,ag] [0,49] 
[0,a,] | 
[0,a, ] 
[0,a5] ].([0,a,] | [0,a,] [0,a,] | [0,a,] [0,a5] | [0,a,]), 
[0,a,] 
[0,a5] | 
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ey a [0.2] (0.4, [a] | 
| [0,a,] | [0,a,] [0,a,] | [0,a,] a, e3Z° USZ* UI7Z" UO}, 1<i <9 
[0,a5 ] [0,a,] 
[0,,] [0,a, ] [0,a,] [0,a, ] 


be a set of super interval matrices. We see V is a set super vector space 
over the set S = {0, 1, 3, 5, 17, 6, 10, 15}. We see the number of 
elements in V is infinite. So V is a super vector space of super interval 
matrices of infinite cardinality. 


Example 4.14: Let 


V = {((0, 7] | 0 | [0, 2] [0, 5] [0, 6] | [0, 9], | 0/000] 0), 


[0,9] | [0,1] [0,8] [0,18] [0,5] ] O [0,5] 
[0,7]; O [0,11] [0,7] [0,26] | [0,3] [0,2] ), 
[0,6] | [0,4] [0,13] [0,21] [0,1] | [0,7] [0,11] 


0/0 0 0 0/0 0 
0);0 0 0 0}0 0 
0/0 0 0 0;0 O 


be a set of super interval matrices. V is a set super vector space of 
dimension or cardinality 4 over the set S = {0, 1}. 


Example 4.15: Let V = {([0, ai] [0, a2] | [0, a3] [0, a4] | [0, as]), ([0, ai] | 
[0, a2] | [0, as] [0, aa] | [0, as]), (LO, ai] | [0, a2] [0, as] [0, a4] [0, as]), ([0, 
a;] [0, a2] [0, a3] | [0, a4] [0, as]), ([0, ai] [0, a2] | [0, as] | [0, a4] [0, as]) | ai 
e ZU {0} is a set of super interval row matrices. 

Clearly V is set super vector space over the set S = {0, 1, 2, 4, 8}. 
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Example 4.16: Let 


[ [0,a,] 
[0,a, 
V= 4/[0,a; 

[0,a, 
| [0,a5 


.([0,a,] | [0,a5] [0, a; ] [0,a,]). 


| 
] 
] 
] 


[0,a,] [0,a,}) [0.a,] [O,ao] [04,3] [0,a;6] 
[0,a,] [0,a; ] [0,a.] [0,a,,] [0,a,4] [0,a,7] a, EQ’ U{O},1<i<18 


[0,5] [0,a.] [0,a, ] [0,a,>] [0,a,5] [0,a,.] 


be the collection of super set interval matrices. Clearly V is a set super 
vector space over the set S = 5Z" U {0}. 


Now having seen examples of set vector spaces of super interval 
matrices we now proceed onto describe their substructures. 


DEFINITION 4.4: Let V be a set super interval matrix vector space over 
the set S. Suppose P < V (Pa proper subset of V) and if P is also a set 
super vector space over the set S then we define P to be a super set 
vector interval matrix subspace of V over the set S. 


We will first illustrate this situation by some examples. 


Example 4.17: Let 
[0,a,]| | [0,.a,] [0,a,] | [0.a5] 
[0,a,]| | [0,a,] [0,a5] | [0,a¢] 
] 
] 


[0,a; ] i [0,a, ] [0, ag] [0, a, 
[0,a,]} | [0.410] [0,a,,] | [0.a,, 


([0, ai] | [0, a2] [0, as] | [0, a4] [0, as] [0, a]) | ai € Z” U {0}; 1 <i < 12} 
be a set super vector space of super interval matrices over the set S = 
3Z" U {0}. 
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Consider 
[0,a,] 
p= [0,a,] 0,a,] | [0,a,] [Oa] | [0 0.a.1 [0 Pe Gite 
= [0,5] A([ a, | | [ a,] [0,a5] | (O,a,] [Oa.] [ ,a]) a, © UQ}1<i< 


[0, a4 ] 


Cc V, P is a set super vector subspace of super interval matrices over the 
set S=3Z" u {0}. 


Example 4.18: Let 


V= {((0,a,] | [0,a,] [0.a;] [0,a4] | [0,a;]), 
'[0,a,] | [0,a,] [0,a;] [0,a,] ] 
[0,a5] | [0,a,] [0,a9] [0,a,,] 
[0,a,] [0,a,5] [0,a,5] [0,a,4] > 
[0,a,]| [0,a,;] [0,a,,] [0,a,7] 
[[O,as]}[0,aj,] [O,ajy] [0,ay9], 


— 


[0,a,] [0,a5] | [0,a5] [0,26] [0,a, | [0,a¢ ] 
[0,a,] [0,a,} | [0a,} [0a] [0,a,) [0,a] 


a, cougysisal 


be a set super vector space of super interval matrices over the set S = 
13Z" U {0}. 
Consider 


W = {([0,a,] |[0,a,] [0,a] [0,a,] | [0,a5]), 


[0,a,] [0,a;] |} [0,a;] [0,a,] [0,a,] [0,ag] 
[0,a,] [0,a4] | [9,49] [0,25] [0,a,,] [0,a,,] 


a, €13Z* voitsish 


c V, W isa set super interval vector subspace of V over the set S. 
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Example 4.19: Let 


V = {([0, ai] | [0, a2] [0, as] | [0, a4] [0, as] [0, ac] [0, a7]), 


[0,a,]] _ 0 0 ' " : 7 
[0.a,] [0,a,] | [0,a,] [0,a,] [0,a,] [0,a,] 
[0,a,] [0,a,] | [0,a7]  [0,ag]  [0,a,] [0,449] 
ca [0, a;] [0,a,,] [0,a,,] [0,a,; |] [0,a,4] 
[0.2 }10,a4] | [0,45] [0,ai6] [0,417] [0,a,5] |’ 
se [O,as]| [0,45] (08,5) [Osa] (052551 
es | [0,a¢] [0,253] [0,a54 ] [0,a5 ] [0,6] | 
97 


[0,a; ] 
[0,a;] [0,a,]||a; €3Z° U {O};1<i< 26 
[0,a,] [0,a,] 


be a set super vector space over the set S = 15Z* U {0} of super interval 
matrices. 
Consider a proper subset 


 [0,a,] | 


[0,a,] [0,a, ] [0,a;] 
W = $|[0,a,] |, |} [0,a,] | [0,a;] [0,a,]]|a; €3Z7 U{0};1<i<9> CV. 
[0,a;] [0,a,] [0, a. | [0,a,] 


W is a Set super vector subspace of super interval matrices over the set S 
= 15Z" u {0}. 

Now having seen just subspace we now proceed onto define the 
notion of pseudo super set semivector subspace of a super set vector 
space over the set S. 
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DEFINITION 4.5: Let V be a set super vector space over the set S. 
Suppose W <V be a proper subset such that W is a set super semivector 
space over the set S (S is also a semifield) then W is defined as the set 
super semivector subspace of V over the set S. 


We will illustrate this by some examples. 


Example 4.20: Let 


[0,a;] | [0,a,] 


[0,a,] [0,a,] 
[0,a,] [0,25] 
[0,a,] [0,a,] 


[0, 


[0, 


a; ] 
a] |ja, eZ” UO}; 1<i<9 


c—) 
& 
oy 


be a set super vector space of super interval matrices over the set S = Z" 
U {0}. 

Consider W = {(([0, ai] [0, a2] [0, a3] | [0, aa] [0, as] | [0, a6]) | ai € 
Z VU {0}; 1 <i < 6} CV, W is a set super vector subspace of super 
interval matrices over the set S=Z™ VU {0}. 


Example 4.21: Let 


v= fod) co, ai (0 a2] | [0, as] [0, as] [0, as] | [0, ac]) 
(Cas eee > 43) LY, a4] LY, as > 46]), 
[0,a,] [0,a,] [0,a, 
[0,a,] [0,a,] | [0,a, 
[0,a,,] [0,a,,] 


[0,a,] | [0,5] 


0, 0, i 
[0,a] | [0,a,9] a, €7Z* U{0},1<i< 20 
[0,a,4] [0,a,5] 


[0,a,9] | [0,459] 


[0, 4,5 
[0,a,¢] [0,a,7] [0,a,¢ 


ay eG a 
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be a set super vector space of super interval matrices over the set S = {0, 
1}. Consider 


pan may to, ail [0, a3} | [0, as] [0, a4] (0, as] | (0 
= [0,2] |’ (10 a1) £0 aol [0 as] [0, a4] (0, as] | 10, a6)) | 


ai € 7Z° U {0}; 1 <i< 6} CV, P is only a set super vector subspace of 
V over the set S = {0, 1}. 
Now if we take 


a jad 
[0,a, ] 
A is still only a set super vector subspace of V over the set S = {0, 1}. V 


can never be a semivector subspace of V as S = {0, 1} is only a set 
never a subfield. 


ne jis CV. 


Remark: If we replace S = {0, 1} by Z” U {0} then A will be a pseudo 
semivector subspace of V over the semifield Z* U {0}. 


Now we proceed onto give examples of set super linear algebra of super 
interval matrices. 


Example 4.22: Let 


a, EZ U{O};1<i <8 


be a semigroup of super interval matrices. V is a set super linear 
algebra of super interval matrices over the set S = {0, 1, 3, 4, 8}. 


We will illustrate this situation by some more examples. 
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Example 4.23: 


| [0,a,] [0, ay] | 
[0,a;] [0,a,] 
[O,as} (acl || ez UO <i<i2 
[0,a,] [0,ag] 
[0,a,] [0a] 
[[0,a,,] [0,4] | 


is a set super linear algebra (set linear algebra of super interval matrices 
or set super linear interval algebra) over the set S = {0, 2, 4, 6, 8, 10}. 


Example 4.24. Let V = {([0, ai] [0, a2] [0, as] | [0, a4] [0, as] | [0, ac] [0, 
a7] [0, ag] | aj € QU {0}; 1 <i <8} is a set linear algebra of super row 
interval matrices over the set S = 2Z° U5Z’ U 73Z VU {0}. 


Example 4.25: Let 


[0,a,] [0,a)]] [0a] [0,ayo] 
[0,a5] [0,a,] | [0a] [0,a,4] 
[0,a5] [0,a.] | [O,a,,] [0,a,¢] 
[0,a;] [0,as] | [Qa] [0,2] 


[0,a,,] | [0,a,.] 
[0,45] | [0,a,6] 
[O,aj5] | [0,9] 
[0,255] | [0,a,4] 


R* U0; 1<i<24 


is a set super linear algebra of super row interval vectors over the set 
S= {V3,0, V7, V5 +1, 3,2, 7, 19, 7/2, 5/9}. 

Now we will proceed onto give examples of set linear subalgebra of 
super interval matrices, subset linear subalgebra of super interval 
matrices, pseudo set vector subspaces of set linear algebra and subset 
vector subspace of set vector spaces of super interval matrices. The task 
of giving definitions are left as exercises to the reader. 


Example 4.26: Let V = {({0, a;] [0, a2] | [0, a3] [0, a4] [0, as] [0, a6] | [0 


a7] [0, ag] [0, ao]) | aj € R® U {0}; 1 <i <9} be a set linear algebra over 
the set S=3Z' UV 2Z' USZ' U7Z' u {0}. 
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Consider W = {([0, a1] 


[0, a2] | [0, a3] [0, as] [0, as] 


[0, a6] | [0, a7] [0, 


ag] [0, ao]) | ai € ZU {0}; 1 <i< 9} CV, Wisa set linear subalgebra 
of super interval row matrices of V over the set S. 

Consider P = {([0, a;] [0, a2] | 0 00 0 | [0, a7] [0, ag] [0, ao]) | a; € R® 
U {0}; 1=1, 2, 7, 8 and 9} CV. P is a subset linear subalgebra of the set 
linear algebra V over the subset T= 3Z° U 2Z’ cS. 


Consider S = 


{({0, a:] [0, a2] |0000|000), (0 0| [0, bi] 0 0 [0, bo] 


| 000) | a; ay € 3Z” U {0} and b; by € 2Z° U {0}} CV. Gis only a 
pseudo set vector subspace of V over the set S. 


Example 4.27: Let 


| [0,a,]  [0,a5] 
[0,a;] [0,a,] 
[0,a;] [0,a¢] 
0, 0, 
Coe a, © Z* U{O};1Si<16 
[0,a,] [0,a,o] 
[0,a,,;] [0,a,7] 
[0,a,;] [0,a,4] 
[0a] [aie] 
be a set linear algebra super interval column matrices over the set S = 
{0, 1}. 
Consider 
0 0 
0 0 
[0, a,] [0, a,] 
0 ‘ ; 
W= a,EZ U{O};1<i<6 
[0,a;] [0,a,] 
0 0 
0 0 
| LO, as] [0,a¢] 
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W is a Set linear subalgebra of super column interval vectors over the set 
S = {0, 1}. However we see V does not contain any subset linear 
subalgebra of super column interval vectors. 


Consider 
[[0.5] [0,7] ][ [0,3] [01] |] oO 0 
0 0 [0,2] [0.1] 0 0 
0 0 [0,5] 0 
a [0,2] 0 0 [0,7] (0.71 [0,9] Kv, 
0 [0,1] || [0,11] 0 [0,2] [0,4] 
[0,3] [0,12] 0 [0,101] 0 0 
[0,1] [0,5] | | [0,1] 0 0 0 
| 0 0 || 0 [0,3] | [0,7] [0,1] | 


K is pseudo set vector subspace of V over the set S = {0, 1}. 


Example 4.28: Let 


[0,a;] | [0,a,] [0,47] [0,ajo] [0,43] | [0,a;5] [0,a10] 
[0,a,] | [0,a5] [0,a,] [0,a,,] [0,a,,] | [0,a,7] [0,a.9] |\a; EQ’ UM}slsis21 
[0,43] | [0,a¢] [0,45] [0a] [0,a,5]][0,a),] [0,a5)] 


be a set linear algebra of super interval row vectors over the set S = {0, 
1}. Consider P = 


[0,a,] ] [0,a,] [0,a;] [O,ao] [0,aj3] | [04,6] [0,a,9] 
[0,a,]| [0,a;] [O,a,] [0,a,,] [O,a,4] | [0a] [O,a,9] || a; eZ” {0}; 1<i<21 
[0,a,] [0,a,] [0,a, | [0,a,] [0,a,5] [0,a,.] [0,a,,] 


c Visa set linear subalgebra of super interval row vectors over the set 
S of V. 


Clearly V has no subset linear subalgebras over the subset of S. 
However V has pseudo set vector subspaces. 
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Consider 
[0,8] | [0,7] 0 [0,4] 0 [0,8] 0 
H= </[0,12]|[0,4] 0 O [0,8] 0 [0,11] |, 
[0,3] | [0,9] O O — [0,3] | [0,4/7] 0 


0} 0 — [0,3] [0.7/5] 0 0 [0.1/2] 
0}[0,11/2] 0 0  [0,9/7] | [0.1/3] Oo |, 
0} O [0,5] O  [0,7/2]} 0  [0,9/4] 


0/0 0 0 O| [0,9] [0,7] 
0/0 0 0 0| [0,12] 0 cV 
0/0 0 0 0] O — [0,27/19] 


is a pseudo set vector subspace of V of order 3 over the set {0, 1}. 


Now we proceed onto give examples of subset vector subspaces of a 
set vector space. 


Example 4.29: Let 
[0,a,] [0,a5] [0,a5] 
V= 4/[0,a4] | [0,45] [0,a¢]]. ((0, ai] 
[0,a,] [0,a¢] [0, a, ] 


[0,b,] ] 
[0,b, ] 
[0, b ] 
[0,b, | 
[0, a2] | [0, a3] [0, a4] [0, as] [0, ac] | [0, a7]), 
[0,b] 
[0, b, ] 
[0,b;] 
[0, bg] | 
where a; € {0, 2, 4, 8, 20, 3, 45} 1 <i< 9} andb; © {0, 3, 7, 5, 15, 42, 
2, 8,4, 71, 85}; 1 <i < 8} bea set vector space over the set {0, 1} =S. 
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Clearly V has no subset vector subspace. Thus we can have set vector 
spaces which have no subset vector subspaces. Such set vector spaces 
we call as simple set vector spaces. The V given in example 4.29 is a set 
simple set vector spaces. 


Example 4.30: Let 


[0,a,] [0,a5] 
[0,a;] [0,a,] 
ee [0, a5] [0,a,] 
V4} [0.85] [O,ag) | 
[0,a,] [0,419] 
[0,a,,] [0,a,] 


([0, bi] [0, be] | [0, bs] [0, b4] [0, bs] | [0, be] [0, b7] [0, bs] [0, by]) | ai € 
3Z VU {0}, 1 <i < 12} CV. H isa subset vector subspace of V over the 
subset T= 6Z" U {0} CS=Z' vu {0}. 

Interested reader can give more examples of this structure. Now we 
will just illustrate how set linear transformation of set vector spaces of 
super interval matrices are defined. Let V and W be any two set vector 
spaces of super interval matrices defined over the same set S. 

Let T be a map from V to W, T is said to be a set linear 
transformation of V to W if T (v) = w and T (sv) =sT (v) for all v € V, 
we WandseS. 


Example 4.31: Let 

[[0,a,]] 
[0,a, ] 
[0,a,] 
[0,a,] 
[0,a; | 
| 10,4. | 
a, € 3Z U {0}, 1 <i <6 and ((0, aj] | [0, as] [0, as] [0, a4] | [0, as] [0, 
ao]) where a, € 5Z* U {0}, 1 <i < 6} be a set vector space of super 
interval matrices defined over the set S= Z’ U {0}. 
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[0,a, ] [0,a, ] 

— |f [0,a5]  [0,a6] : or 
ie [0,a,] [0,a,] a, €5Z° U{O}51s1<12 
[0,a,,] [0,a)5] 


[0, a, ] [0,a5] [0,a5] [0,a¢] [0,a7] [0,as] 
[0,a,] [0,a,]][0,a,] [0,a,9] [0,a,,] | [9,a,.] 


where a, € 3Z’ U {0}, 1 <i < 12} bea set vector space of super interval 
matrices defined over the set S = Z* U {0}. 


Define a map T : V > W by 


[0,4 
[0, a, ] 
T( [0,a;] ae [0,a,] | [0,a,] [0,a,] [0,a5] a 
(0.a,]]”~ (fa) 10.a,1] [0a] [Oa] [0.95] | fag) 
[0,a; ] 
(0,461 
and 
[0,a,] [0,a,] 
(0,,] [0,a)] 
T (({0, a} |, 42} [0, an} (0, a6 | [0,2] 10,24))=| 2) To ay 
[0,a,] [0,a,] 
[0,a5] [0,a¢] 
[0,a,] [0,a,] 


is a set linear transformation of V to W. Interested reader can give more 
examples of set linear transformation of super set vector spaces (set 
vector spaces of super interval matrices). 
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If in the set linear transformation of V to W; W is replaced by V 
itself then we call the set linear transformation as the set linear operator. 


Let us illustrate the notion of set linear operator of set vector spaces 
of super interval matrices. 


Example 4.32: Let 


[0,1] | [0,4] | | [0,2] | [0,8] |] 0 | 0 
V = 4} [0,2] | [0,5] |.) [0,4] | [0,10] |.) 0) 0}, 
[0,3] | [0,6] | | [0,6] | [0,12] | | 0 | 0 


(LO, 4] | [0, 6] [0, 8] | [0, 16] [0, 2] [0, 10] [0, 14] | [0, 8]), 0] 00/000 
0 | 0), ([0, 2] | [0, 3] [0, 4] | [0, 8] [0, 1] [0, 5] [0, 7] | [0, 4])} be set 
vector space of super interval matrices over the set S = {0, 1}. 

Define a map T: V > V by 


ooo 
I 
ooo 


T ([0|00|/0000]0])=[0|00/0000| 0}, 


[0,1] | [0,4] [0,2] | [0,8] 
T | | [0,2] | [0,5] | | = | [0,4] | [0,10] 
[0,3] | [0,6] [0,6] | [0,12] 


and 


T (((0, 4] | [0, 6] [0, 8] | [0, 16] [0, 2] [0, 10] [0, 14] | [0, 8]) 
= ([0, 2] | [0, 3] [0, 4] | [0, 8] [0, 1] [0, 5] [0, 7] | [0, 4) 


[0,2] | [0,8] [0,1] | [0,4] 
T | [0,4] | [0,10] | = | | [0,2] | [0,5] 
[0,6] | [0,12] [0,3] | [0,6] 
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and 


T(([O, 2] | [0, 3] [0, 4] | [0, 8] [0, 1] [0, 5] [0, 


7] | [0, 4) 
= (((0, 4] | [0, 6] [0, 8] | [0, 16] [0, 2] [0, 10] [0, 14] | 


[0, 8])). 
T is a set linear operator on V. 


Interested reader is expected to construct more examples. 

Now we leave it as an exercise for the reader to describe and define 
set linear transformation which is invertible. 

We now proceed onto describe the notion of set linear functional of 
a set vector space of super interval matrices. 

Let V be a set vector space over the set S. A set linear 
transformation of V to S in defined as linear functional on V if f (ca) = 
cf (a) 

But since set S is reals and elements of super interval matrices are 
intervals we cannot define a linear functional. 


Next we proceed onto describe semigroup vector space of super interval 
matrices. 


DEFINITION 4.6: Let V be a set of super interval matrices, S any 
semigroup under addition with zero. We call V to be a semigroup vector 
space of super interval matrices over S if the following conditions hold 
good. 

(D sv €Vforallv eVands éS. 

(2) 0v=0 forallv eVand0 €S 

(3) (8; + 82) v =8,v + spv for all s;, sy ES and v eV. 


We will illustrate this situation by some simple examples. 


Example 4.33: Let 

[ [0,a,] ai] 

[0,a,] a,] 
[0,a; ] 
[0,a,] 
[0,a.] 

| [0, a6] | 
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((0, ai] [0, a2] [0, a3] [0, aa] | [0, as] [0, a6] [0, a7] | [0, ag] [0, ao] | [0, aro]), 

[ [0,a,] [0,a,] | [0,a;] | [0,a,] [0,a5] 

[0,a,] [0,a,] | [0,a,] | [0,a,] [0,a,9] 

[0,a;,] [0,a,.] | [0,43] | [9,a,4] [0,a,5] 

[0,a,6] [0.47] | [0,445] | [0.a,9] [0,a39]] | aie ZU {0}, 
[0,a,] [9,452] | [0,423] | [0,424] [0,455] 

[0,456] [0,47] | [0,423] | [0,425] [0, a | 
[10.051 [Oax9] | [0.055] | [O,a5¢] [0,255] 


1 <i < 35} be a set vector space over S = Z’ U {0}. Since S is a 
semigroup under addition we define V to be a semigroup vector space of 
super interval matrices over the semigroup S. 


Example 4.34: Let 


[ [0,2] 
[0,a,] 
v= [0,a;] 
» ([0, a1] [0, a2] [0, as] | [0, a4] [0, as] | [0, a6] [0, a7]), 
[0,a,] 
[0,a;] 
| [0,a¢] 
[ [0,a,] [0,a,] [0,a,] | [0,a,] 
[0,a5] | [0,a,] [0,a,] | [0,ag] 
[0,a5] | [0,a;9] [0,a;,] | [0,a,.] 
[0,413] | [9.4.4] [0,215] | [0,a,6] 
| L0,ai7] [9,a;¢] [0,a;5] | [0,429] 


a, € 3Z U {0}, 1 <i < 20! be a semigroup vector space of super 
interval matrices over the semigroup S = 3Z” U {0}. 
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Example 4.35: Let 


[0,a,] [0,a5] 
re [0,a;] [0,a,] 
[0,a;] [0,a,] 
[0,a,] [0,ag] 
he [0,a;]])[0.a;] [0,a,] [0,a,] [0,a¢] el 
[0,a,] [0,a,]][0,a5] [0,49] [0,a,,] [0,4a,,] | [0,a,,] 


a € QU {0}} be a semigroup vector space of super matrices over the 
semigroup S = Z’ U {0}. 


Example 4.36: Let 


[0,a,] | [0,a,] [0,a5] 
M= $}[0,a,] | [0,a;] [0,a.]], 


[0,a,] [0,a¢] [0, a, ] 


[0,a,] | [0,a,] | [0,a5] [0,a,] [0,a,] | [0,a;] 
[0,a,] | [0,25] | [0,6] ],|[0,a,] [0,a5] | [0,26] |, 
[0,a;] | [0,ag] | [0,a9]] ][0,a,] [O,a.] | [0,a6] 


[0,a,] | [0,a,] | [0,a;]} | [0,a,] [0,a,] [0,a,] 
[0,a,] [0,a5] [0,a,] ’ [0,a,] [0,a;] [0,a¢] 9 
[0,a,] | [0,ag] | [0,a5]| |[0,a,] [0,a,] [0,a,] 


[0,a,] [0,a,] [0,as] 
[0,a,] [0,a;] [0,a,]}ja,; ]Z,,;1<i<9 
[0,a;] [0,ax] [0,a0] 


be a semigroup vector space of super interval matrices over the 
semigroup Z44 = S. Clearly M is of finite order. 
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Example 4.37: Let V = {({0, ar] | [0, a2] [0, a3] | [0, a4] [0, as]), ([0, ar] 
[0, a] | [0, a3] [0, as] [0, as]), ((0, ai] [0, a2] [0, as] | 
[0, as] [0, as]), ([0, ai] | [0, a2] [0, as] [0, as] | [0, as]), ([0, ai] 
[0, az] | [0, as] [0, a4] [0, as]), (0, ai] [0, a2] [0, a3] | [0, aa] 
[0, as]), ([0, ai] | [0, a2] | [0, a3] [0, a4] [0, as]), ([0, ai] [0, a] | [0, as] [0, 
a4] | [0, as]), ((0, ai] | [0, a2] [0, a3] [0, a4] | [0, as]) | ai © Zi3, 1 <i < 5} be 
a semigroup vector space of super interval matrices over the semigroup 
S = (Zy3, +). Clearly V is of finite order. 


Now having seen examples of semigroup vector spaces of super 
interval matrices we now proceed onto describe their substructures with 
examples. 


Example 4.38: Let 


[0,a,]  [0,a,] 

[0,a;,] [0,a,] 

V=4/[0,a5] [0,a,] ||a,; ©Z,,,1<i<10 
[0,a,] [0,ag] 

[0,a,] [0,ai9] 


and ([0, a:] | [0, a2] [0, a3] [0, a4] | [0, as]) | ai © Zos, 1 <1 < 5} bea 
semigroup vector space of super interval matrices over the semigroup S 
= Zs. Let H = {([0, aj] | [0, a2] [0, a3] [0, a4] | [0, as]) | aj © Zo; 1 Sis 
5} < V; H is a semigroup vector subspace of V over the semigroup S = 
L05. 


Example 4.39: Let 
[0,a;] [0,a,] 
V = {((0, ai] | [0, a2] [0, a3] [0, a4] | [0, as]) | [0,a,] [0,a5] 
[0,a,] [0,a,] 


[0,a;] 
[0,a.]]| 
[0, a5] 


ai € ZU {0}, 1 <i < 9} be a semigroup vector space of super interval 
matrices over the semigroup S=5Z'U {0}. 
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Consider 
[0,a, ] [0,a,] [0,a;] 

P=4/[0,a,] [0,a;] | [0,a,]]| a ¢5Z>U {0}, 1<i<9 CV, 
[0,a;] [0,a.] | [0,a9] 


P is a semigroup vector subspace of super interval matrices over the 
semigroup S = 5Z’ U {0}. 


Now we proceed onto give examples of subsemigroup vector subspace 
of a semigroup vector subspace. 


Example 4.40: Let 


[0, a, ] [0,a, ] Peal | 10,2, [0, as ] [0,a,] 
(oe) (0,a5] | [0.a6] | [0.87] [0,29] | 

3 4 [0, a, | [0,a,9] [0,a,,] [0,a,5] 
Ee [0,a, ] 


[0,a5] a 3 ([0, ay] [0, ay] [0, a3 | | [0, aa]) | ay & Z42, 1 x 1 < 12} 


be a semigroup vector space over the semigroup S = Zp. 


Consider 
[0,a, ] [0,a,] [0,a, ] 
[0,a,]|’ |{0.a;] [0,a4] 


0,a 
7 f ; 
[0,5 ] 
and T = {0, 2, 4, 6, 8, ..., 40} < Z4. be a subsemigroup of S = Z4. Pisa 
subsemigroup vector subspace of V over the subsemigroup P of S. 


a € Zy,1<1<4} CV 


Example 4.41: Let 


YS {([0, ai] [0, az] | [0, a3] [0, a4] 0, as] | [0, a6] ae [0, ai), 
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[0,a,] [0,a, ] [0,a;] 

[0,a,] [0,a,] | [0,a¢] 

[0,a;] [0,a,] | [0,a,,] ash el 
| [0,a,] | [0,a5] 

[0,a] [0,a,9] | [0,a,,] [0,a.} | [0.46] 

[0,a,3] [0,a,4] | [0,a;5] “— 

[9,415] [9,417] | [0,a;§] | 


a € Z vu {0}, 1 <i < 18} be a semigroup vector space over the 
semigroup S = 3Z" U {0}. 
Consider 


H = {((0, ai] [0, a2] | [0, as] [0, a4] [0, as] | [0, ac] ... [0, aia]), 


[0,a,] | [0,a,] 
[0,a,] | [0,a,]| |a € 3Z°U {0}, 1<i< 12} eV, 
[0,a,] [0,a¢] 


H is a subsemigroup vector subspace of V over the subsemigorup T = 
6Z U {0} cS. 


Now having seen examples of substructures of a semigroup vector space 
we now proceed onto define the notion of linearly independent set in the 
semigroup vector space. 

DEFINITION 4.7: Let V be a semigroup vector space of super interval 
matrices over the semigroup S. A set of vectors {V1}, V2, .... Vaf in V is 
said to be a semigroup linearly independent set if v; # sv; for anys € S 
fori zj; 1 Si,j <n. 

We will first illustrate this situation by some examples. 


Example 4.42: Let 


V = {((0, ai] [0, a2] | [0, a3] [0, a4] [0, as] [0, a]), 
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[0,a,] | [0,a,] [0,a,] 
[0,a,] | [0.a5] [0,a¢] 
[0,a,] | [0,ag] [0,45] 
[0,419] | [0,a,,] [0,42] 


a, € ZU §{03, 1 < i < 12} be a semigroup vector space over the 
semigroup S = Z’ U {0}. Consider X = {([0, 1] 0 | 0000), (0, [0, 1] | 0 
000), (000 [0, 1100), (00|000 [0, 1)), 


be a set of vectors in V. X is a linearly independent set of V. 


Example 4.43: Let 


> ({0, ay] [0, ay] [0, a3] 0, a4] | [0, as] [0, ac]), 
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[0,a,] 
[0,a,] 
[0,a,] 


[0,a,] 
[0,a5] 
[0,a,] 


| aj € Z45, 1 <i <6} 


be a semigroup vector space of super interval matrices over the 
semigroup S = Zs. Let 


olf olf o 0 
fo1j]] 0 || 0 0 
le Viea||o lo 
YTV Plo Pi po4]P 0 
oll o || o 0 
o |i o || o | {fo,13)] 
({0, 1]00.0]00), (000 (0, 1]] 00), (0 0[0, 1]0] 00), 
(0.0.00 [0, 1] 0), (0000100, 1h), 


[0,1]| 0] [0] 0 ][o 
0 /O},/0} 0 |J/0}] 0 |, ey, 
0 | 0] {0 | [0,1]] [0 | [0,1 


X is a linearly independent set of the semigroup super interval vector 
space V over the semigroup S. 


Example 4.44: Let 
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({0, ai] [0, az] | [0, as] [0, as] | [0, as]) | a e Zo, 1 Si < 8} bea 
semigroup vector space over the semigroup S = Z). 


Consider 
fo jf 0 jf o Jf 0] 
“0 J| o {| o |] 0° 
0 0 0 0 
x= }) 10.31] 00-61] ) 0 |) 0 
0 P| 0 |} [0,9] 7} [0.3] |’ 
0 0 0 0 
0 0 0 0 
LO TO. Oe 2 Oe | 
({0, 1]0|00 0) (00| 00 (0, 4]), (0 0| 0 0 [0, 2]), (0 0| 0 0 [0, 1]) ({0, 


9] 0|000)} c V is not a linearly independent set of the semigroup 
super interval vector space V over the semigroup Zp. 


Now we will proceed onto define the notion of generating subset of 
a semigroup vector space over the semigroup S. 


DEFINITION 4.8: Let V be a semigroup vector space over the semigroup 
S under addition. Let T = {vj, V2, ..., Vat CV be a subset of V. We say T 
generates the semigroup vector space V over S if every element v € V 
can be got as v = sv, v;e€ Tands ES. 


We will illustrate this situation by some examples. 


Example 4.45: Let V = {({0, a] | [0, a] [0, a] [0, a] [0, a] | [0, al), 


[0,a] 

Daj] [lal Wal] 0 9 
a [0,a] [Oa]} 0 oO 
[a]. | 9 —@ [joa] [oa] 
(al) | go © 0 |fo,a) [0,4] 
| [0,a] ; : 
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a € ZU {0}} be a semigroup super interval matrix vector space over 
the semigroup S = ZU {0}. 
Consider 


H= {([0, 1]| [0, 1] [0, 1] [0, 1] [0, 1]| [0, 1), 


——| [[0,1] [0,1] | 0 0 
——=| |[0,1] [0,1]| 0 

"] 0 0 | [0,1] [0,1] 
0 0 | [0,1] [0,1] 


< V generates V over the semigroup S = Z* U {0}. 
Example 4.46: Let 


[[0,a] [0,a] 
[0,a] [0,a] 


(0.a)| 0) {lal | (al [0a] [0a] 0 [0,a] 
V= | ; } [0,a] ][0,a] [0,a] [0,a]],|[0,a] 0 | | 
0 | [0,a] 
[0,a] | [0,a] [0,a] [0,a] 0 [0,a] 


[0,a] [0,a] 


5a 
|[0.a] [0,a] 


a © Zj49} be a semigroup super interval matrix vector space over the 
semigroup S = Zy40. 


Consider 
(ea 0 fo [0,1] [0,1] uv 
X= »| [0.1] | [0,1] [0,1] [0,1] |, 
0 | [0,1] 
[0,1] | [0,1] [0,1] [0,1] 
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[[0,1] [0,1] 

[0,1] [0,1] 

0 [0,1] 

[0,1] O |+ cV, 
0 [0,1] 

[0,1] [0,1] 

}L0,1] [0,1] 


X generates the semigroup vector space over the semigroup S = Z149. 


Now we proceed onto define the notion of semigroup linear algebra V 
over a semigroup S. 


DEFINITION 4.9: Let V be a semigroup super matrix interval vector 
space over the semigroup S. Suppose V is a semigroup under addition 
then we call V to be a semigroup super matrix interval linear algebra 
over the semigroup S. 


We will illustrate this situation by some examples. 


Example 4.47. Let 


[0,a,] | [0,a,] [0,a,] 
[0,44] | [0,ag] [0,49 ] 
V= 5|([0,a5] | [0,a,5] [0,a,,] 
[0,a,] | [0,a,,] [0,a,,] 
[0,a,] | [0,a,,] [0,a,.] 


where a, € Z” U {0}, 1 <i < 15} is a semigroup super interval matrix 
linear algebra over the semigroup S = Z' U {0}. 


Example 4.48: Let V = {({0, ai] [0, a2] | [0, as] [0, a4] [0, as] [0, ao] | [0, 


a7] [0, ag]) | aj € Zoo, | <1 < 8} is a semigroup interval super matrix 
linear algebra over the semigroup S = Zp49. 
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Example 4.49: Let 


| [0,a,] 
[0,a, ] 
[0,a5] 
[0,a,] 
[0,a5] 

[0,a¢] 

[0, a, ] 

| 19, ag] | 


| a; € Zo9, 1 <1 < 8} 


be a semigroup interval super matrix linear algebra over the semigroup 
S= Z 9. 


Example 4.50: Let 


[0,a,]  [O,a¢] | [0,a,,] [0,a,¢] [0,a,,] | [0,a5,] 
[0,a,] [0,a,] | [0a] [0,a,,] [0,a,)] | [0,a,7] 
v=} [0,a;] [Oag] | [0.8.3] [ag] [0,853] | [0,a.] | Ja, €Z,;,1<51<30 
[0,a,] [0,a9] | [0,a,4] [O,aj9] [0,a4] | [0,229] 
[0,a5] [O,ajo] | [94,5] [O,a39] [0,495] | [0,259] 


be a semigroup super interval matrix linear algebra over the semigroup 
S= Ls. 


It is easily verified that every semigroup linear algebra over a 
semigroup is a semigroup vector space over the semigroup. But a 
semigroup vector space in general is not a semigroup linear algebra. 


Now we proceed onto give examples of semigroup linear subalgebra 


over a semigroup S and subsemigroup linear subalgebra over a 
semigroup of a semigroup linear algebra. 


170 


Example 4.51: Let 

[ [0,a,] 
[0,a, ] 
[0,a5] 
[0,a,] 
[0,a5] 
[0,a,] 
[0,a, | 
| [0,a¢ ] 
be a semigroup interval super matrix linear algebra over the semigroup 


Z4 =S. 
Consider 


a; € Zoq, 1 <i < 8} 


[0,a,] | 
0 
[0,a, ] 
H u Zu, 1<51<4} CV 
= aj 24,1 S15 CV, 
L0,a ] 
0 
[0,a,] 


0 | 


is a semigroup super interval matrix linear subalgebra over the 
semigroup S = Zp4. Take 


[ {0,a;] 


P= 4] ——]]a, €Z,,;151< 4; CV, 
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is a subsemigroup interval super matrix linear subalgebra of V over the 
subsemigroup T = {0, 2, 4, 6, 8, 10, 12, ..., 20, 22} C Zn =S. 


Example 4.52: Let V = {([0, ai] [0, a2] | [0, as] [0, a4] [0, as] | [0, a6] | [0, 
a7] [0, ag] | [0, ao] [0, aio]) | ai € Z VU {0}, 1 <i < 10} be a semigroup 
linear algebra over the semigroup S = ZU {0}. 


Consider W = {(0 0 | [0, a1] [0, a2] [0, as] | 00 0 | [0, ay] [0, as]) | a 
eZ’ VU {0!, 1 <i<5! CV; W is a semigroup linear subalgebra of V 
over the semigroup S = Z” U {0}. 


Example 4.53: Let 


[0,a,] [0,a, ] 
[0,a;] | [0,a,] 


[0,a,] | [0,ag] . 
~ l<ji< 
i [0,a;] | [0,a,] a, €Z,531<i1<11 

[0,46] | [0,210] 


[0,27] | [0.a,,] | 


be a semigroup linear algebra over the semigroup S = Z)s. 


[0,¢] 
0 
[0,¢] 


a,b,c,d,e,f €Z,, > CV; 


P is a subsemigroup super matrix interval linear subalgebra of V over 
the subsemigroup T = {0, 5, 10, 15, 20} CZs =S. 
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Example 4.54: Let 


| [0,a,] [0,a,] [0,a5] 
[0,a,] [0,a5] [0,a,] 
[O,a,] [0,a,] [0,a,] 
[0,219] [0,2,,] [0,2] 
he [0,a,3] [0,a,,] [9,a,5] 
[0,416] [0,a7] [0,a,¢] 
[0,aj9] [0,9] [0,a5,] 
[0,a,] [0,a,,;] [0,24] 
[0,45] [0,a5,] [0,427] 

| [0,25] [0, a9 ] [0, a3] | 


where aj € Z)3, | <1 < 30} be a semigroup super matrix interval linear 


algebra over the semigroup S = Z)3. 
Let 


0 [0a] 0 
0 oO 0 
0 0 O 
0 oO 0 

[0,d] [0,b] [0,c] 
Bey 0s. (0a) 0 
0 [0h] 0 

[Oe] 0 [0,3] 

[0,f] 9  [0,j] 

(0k) 0 [0] 


a,b,c,...,1€ Z,, 


is a semigroup super matrix interval linear subalgebra of V over the 
semigroup S = Z13. However it is pertinent to mention here that S has no 
subsemigroups hence V has no subsemigroup linear subalgebras. 


Inview of this we have the following theorem. 
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THEOREM 4.2: Let V be a semigroup super matrix interval linear 
algebra over the semigroup S = Z,, p a prime. V does not contain any 
subsemigroup super matrix interval linear subalgebra of V over the 
semigroup S. 


The proof is direct and hence is left as an exercise to the reader. 


THEOREM 4.3: Let V be a semigroup super matrix interval linear 
algebra of super interval matrices over the semigroup S = Z, (n < cn 
a composite number) V has non trivial subsemigroup super matrix 
interval linear subalgebras over a subsemigroup T of S = Zp. 


This proof is also direct and hence ts left as an exercise to the reader. 
We define the notion of pseudo semigroup super matrix interval 
subvector space of a semigroup super matrix interval linear algebra of 
super internal matrices. 
DEFINITION 4.10: Let V be a semigroup super matrix interval linear 
algebra over the semigroup S. Let P be a proper subset of V which is 
only a semigroup super matrix interval vector subspace of V over the 
semigroup S and not a semigroup linear subalgebra of V then we define 
P to be a pseudo semigroup vector subspace of V over the semigroup S. 
We will illustrate this situation by some examples. 
Example 4.55: Let 

V = {((0, a1] | [0, a2] [0, as] [0, a4] | [0, as]) | ai © Zo, 1 <1 < 5} 


be a semigroup linear algebra over the semigroup S = Z¢. 
Consider 


H = {((0, a] | 000 |[0, b]), (0, 0] | [0, a] [0, b] [0, c] | [0, O]) | 
a,b,c € {0,3} CZ>} CV, H is only a semigroup vector space over S = 


Zo. Thus H is a pseudo semigroup vector subspace of V over the 
semigroup S = Ze. 
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Example 4.56: Let 

[ [0, a, ] | 
[0,45] 
[0, a; ] 
[ 
[ 


0,44] 
0,a; ] 


[0,a5] | Ja; eZ,);1<i<ll 
[0,a,] 

[0,4] 
[O,a, | 
[0, a9] 
| [0,411] 


be a semigroup linear algebra of super column interval matrices over the 
semigroup S = Zjo. 


Consider 
[[0,a,J]} o |f 0 |] 
0 |[foaj]} 0. 
0 0 0 
0 |/[o.a,]}| 0 
0 0 0 
H=4J[0,a,]|) 0 |,] 0 | {aj,a,,a;,a,€¢{0,5}¢Z,$ <V, 
[0,a,]|} 0 0 
[0,a,]|| 0 0 
0 || [0a,])| 0 
0 0 || [0.a,] 
0 0 || [0a,] 


H is a semigroup super interval matrix vector space over the semigroup 
S = Zio. We see addition is not defined on H. So H is only a pseudo 
semigroup semi vector subspace of V over the semigroup S = Zjo. As in 
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case of set linear algebras we can define semigroup linear 
transformation of a semigroup linear algebra V into a semigroup linear 
algebra W defined over the same semigroup S. If T is a semigroup linear 
transformation from a semigroup linear algebra V into V then we call T 
to be a semigroup linear operator on V. 


We can define pseudo semigroup linear operator on V as in case of 
semigroup linear algebras [38, 46, 50]. 

Let V be a semigroup linear algebra over the semigroup S. Let W c 
V be a subsemigroup linear subalgebra of V over the subsemigroup P ¢ 
S. (P a proper subsemigroup and W a proper linear subalgebra of V) Let 
T: V— W bea map such that 

T(av+u)=T (a) T(v)+T (uv) 

where u, v € V, and for a € S, T (a) € P. We call T a pseudo 
semigroup linear operator on V. 


The reader is expected to provide examples. 

Now we define projection of V on a semigroup linear algebra. 

Let V be the semigroup linear algebra of super interval matrices 
over the semigroup S. Let W c V be a semigroup linear subalgebra of V 
over the semigroup S. Let T be a semigroup linear operator on V. T is 
said to be a semigroup linear projection on V if T (v) = w for all v € V 
and w € W and 

T (avtu) = aT (u) + T(v) 
T(v) and T (u) € W for alla € Sandu, ve V. 


We will illustrate this situation by some examples. 


Example 4.57: Let 
[ [0.a,] 
[0, a5 ] 
[0, a5] 
V= 4] [0,a,] |} a, eZ" U {0}, 1<i<7 
[0,a5] 
[0,4] 
| [0,a] 
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be a semigroup super matrix interval linear algebra of super interval 
column matrices over the semigroup S = Z" U {0}. 
Let 


a, €3Z* U{O},1<i<5> CV, 


W is a semigroup linear algebra of super interval column matrices over 
the semigroup S. 
Define a map T : V > W by 


[0,a,] | [ (0, a,] 
[0,a, | 0 
[0,a3 ] 0 
T | [0,a,]) =3 | [0,a,] 
[0,a;] [0,a5] 
[0,a,] [0,a, | 
[0,a,] | | [9, a, ] 


It is easily verifield T is a pseudo semigroup linear operator on V. 
Suppose P : V > W such that 


(0,a,] | [ [0,3a,] 
[0.49] 0 
[0,a;] 0 

P| | [0,a4]] | = [0,3a4] 3a4] 
[0,a;] [0, 3a, ] 
[0,a,] [0,3a,] 
[0,a,] | | [0, 3a, ] 
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then P is a semigroup linear projection on W. 
Interested reader can construct examples of these. 

We can write the semigroup vector space of super interval matrices 
as a direct union of semigroup vector subspaces. 


We define this notion. 


DEFINITION 4.11: Let V be a semigroup vector space of super interval 
matrices over the semigroup S. Let Wi, W», ..., W, be semigroup vector 
subspaces of V over Sif V = UW, and W; 7 W; = (0) or $ if i #j then we 
say V is the direct union of the semigroup vector subspaces of the 
semigroup vector space V over the semigroup S. 


We will illustrate this situation by some examples. 
Example 4.58: Let V = {([0, ai] [0, a2] | [0, a3] [0, a4] [0, as] | [0, a6]), 


[ [0,a,] | 

[0,a5]) ([0,a,] [0,a,] | [0,a3] [0,a,] 
[0,a,]} | [0,a5] [0,a,] | [0,a,] [0,a] 
[0,a,]|° | [0,a5] [0,a.9] | [0,a,,] [0.a,5] 
[0,a;] [0,a,3] [0,a,4] | [0,a,5] [0,a,6] 
[ [0.2.6] | 


a, € ZU {0}; 1 <i < 16} be a semigroup semivector space of super 
interval matrices over the semigroup S. 

Consider W, = {([0, ai] [0, a2] | [0, as] [0, a4] [0, as]) | [0, ac] | ai © 
ZUMCV 


[0,a,] | 

[0,a, ] 

W>= [0,a3] me 2 . 
2= ae ZU {0}; 1 <i<s6}cV 
[0,a,] 

[0,a5] 


[0, a, }| 
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and 


[0,a,] [0,a,] | [0,a;] [0,a,] 
[O,a;] [0,a,] | [0,a,] [0,ag] 
[0,a,] [0,a,] | [0,a,,] [0,a,,] 
[0,a;3] [0,44] | [0,a,5] [0.a,6] 


W3= 


a, € Z’ U {0}; 1 <i < 16} < V be three semigroup vector subspace of V 
over the semigroup S = Z* u {0}. Clearly V = U Wj = W; U W2 U W; 
and W; 7 W; = 6 if i#j. Thus V is the direct union of semigroup vector 
subspaces of V over S. 


Example 4.59: Let 
[0,a,] | [0,a5] 
[0,a3] | [0,24] 


3 


[0,a,,] | [0,a,,] 


([0, ai] ... [0, as] | [0, a6] [0, a7] [0, as] ... [0, aic]), 


[0,a,] [0,a,] |... | [O,a,9] [0.a,,] [0,a,,] 
[0,a;3] [0,a,4] }.- | [0,a.,] [0,a,3] [0,a.4] 


[0,a49] [O,aso] |. | O,asg] [0,a59] [0,a,o] 


a; € Q’ U {0}; 1 <i < 60} be a semigroup vector space of super interval 
matrices over the semigroup S = 3Z’ U {0}. 
Consider 


[0,a,] [0,a, ] 


[0, a3 ] [0, a, ] 


Wi = a, €Q* U{0},1<i<12$ CV, 


[0,a,;] | [0,a,,] 
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W2 = ([0, ai] ... [0, as] | [0, ac] [0, a7] [0, ag] ... [0, are]) | 
a, € Q’U {035 1 <i< 60} 
and 
[0,a,] [0,4] |---| [ao] [Qa] [0,22] 


[0,43] [O,a4] |... |} [0a] [0.a.,] [0,a4] 


W, = a, €Q* U{0},1<i<60 


[0,849] [0a] |. | [O,asg] [0,a59] [0,269] 


c V be semigroup vector subspaces of V over the semigroup S. Clearly 
V=W, UW U W3 and Wi 0 Wj = 0 ifi 4; 1 <1,j <3 , 

Thus V is the direct union of semigroup vector subspaces W,, W> 
and W; of V over S. 


Next we proceed onto define pseudo direct union and illustrate it with 
examples. 


DEFINITION 4.12: Let V be a semigroup vector space over the 
semigroup S. Let W), W>, .... W, be semigroup vector subspaces of V of 


super interval matrices over the semigroup S. If V = Uw, with W; 7 W; 
i=l 

# @ or {0} if i #7 then we call V to be a pseudo direct union of 

semigroup vector subspaces of V over the semigroup S. 


We will illustrate this by some an example. 


Example 4.60: Let V = {([0, a;] [0, a2] | [0, a3] [0, a4] [0, as]) | aj e€ 13Z° 
U 12Z° U 15Z* U 11Z" U {0}} be the semigroup vector space of super 
interval row matrices over the semigroup S = Z' U {0}. 

Consider W, ={([0, a:] [0, a2] | [0, a3] [0, a4] [0, as]) | a, € 13Z° U 
{0}} CV, Wo = {([0, ai] [0, a2] | [0, as] [0, a4] [0, as]) | aie 122° U 
{O}} = V, W3 = {([0, ai] [0, ay] | [0, a3] [0, a4] [0, as]) | ai € I5SZ°U 
{0}} <V, and W4 = {([0, ai] [0, a2] | [0, a3] [0, a4] [0, as]) | aj € 11Z° U 
{0}, | <i< 5} c V be semigroup vector subspaces of V over the 
semigroup S. 

Clearly V = W; U W2 U W; U W, but W; M W; # (0) or >. Thus V 
is the pseudo direct union of semigroup vector subspaces of V over the 
semigroup S. 
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We now proceed onto prove yet another new definition in case of 
semigroup linear algebra of super interval matrices over a semigroup S. 


DEFINITION 4.13: Let V be a semigroup linear algebra of super interval 
matrices over a semigroup S. We say V is a direct sum of semigroup 
linear subalgebras W), W>, .... Wn of V if 


I VHW,t+..+W, 
2. W; OW; = {0} or bifi 4) 
1Si,j Sn. 
We will illustrate this by some simple examples. 
Example 4.61: Let 
[0,a;] | [0,a,] [0,a3] | [0,a,] [0,a5] 
V=4| [0,46] | 0,a,] [0,a5] | [0,25] [0,29] | fa; €Z* V 10} 
[0,a,,] | [0,a,.] [0,a,3] | [0,a,4] [0,a,5] 


be the semigroup linear algebra of super interval row vectors over the 
semigroup S = Z* U {0}. 


Consider 
[0,a,]/0 0/0 0 
Wi = 4/(0,a,]|0 0/0 Offa, eZ Uf{O};1<i<3) CV, 
[0,a,]}0 0/0 0 


[0 | [0,a,] [0,a,]|0 0 
W2=4|0|[0,a;] [0,a,]|0 O][a,eZ* UM};1<i<6; CV 
[0 |[0,a5] [0,a,]}0 0 


and 
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0/0 0} [0,a,] [0,a,] 
W3= {0/0 0} [0,a,] [0,a,] |]a,;eZ* U{O};1<i<6> CV 
0/90 0} [0,a;] [0,a,] 


semigroup linear subalgebra of V over the semigroup S. 
Clearly V = W, ® W, © W; and 

0/0 0/0 0 

WiAW;= |0]0 0}0 0} ifi¥, 1si,j <3. 

0|0 0}0 0 


Thus V is the direct sum of semigroup linear subalgebra of V over 
the semigroup linear subalgebras of V over the semigroup S = ZU {0}. 


Example 4.62: Let 


[0,a, ] [0,a, ] [0,a, ] ] 
[0,a,] [0,a;] | [0,a,] 


O,a 0,a O,a 
| bess eagle a, €Z* U{O}:1<i<18 


[0,a,9] 
[0,a,] 


[0,a;,] 
[0,a,4] 


[0,a,,] 
[0,a,5] 


10, a;6] 


[0,a,7 ] 


[0, aig] | 


be the semigroup linear algebra of super interval matrices over the 
semigroup Z’ U {0} =S. 


Consider 
[ 0 0 | [0,a5] 
0 0 [0,a,] 
0 0 0 
W\= 0 0 0 a, eZ’ U{O}s1<i<4> CV, 
0 0 0 
[19,41] [0,a,] 0 
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[0, a, ] 


a EZ’ Uf{O}s1<i<3> CV, 
[0,a,] ; (03 


= 
S 
pev} 
Ww 
ae 
ojo oc o1c eo 


| [0,a,] [0,a, ] 
[0,a;] [0,a,] 


a,eZ U{0};1<i<5-> CV 


and 


0 [0,a,] 
[0,a;] [0,a,] 
[0,a5] [0,a, ] [0,a, ] 

0 0 0 


a, eZ U{0};1<i<6-> CV 


be the set of semigroup linear subalgebras of V over the semigroup S. 
Clearly V= Ww, ® W> ® W3 @ Wi with 


Wi W;= ifizj, 1<ij<4. 


ojoc colo eo 
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Thus V is the direct sum of semigroup linear subalgebras of V over the 
semigroup S. 

The study of semigroup linear operator, semigroup linear 
transformation and semigroup linear projection of semigroup linear 
algebras can be derived as a matter of routine and hence is left as an 
exercise for the reader. 


Next we proceed onto define group vector spaces and group linear 
algebras of super interval matrices. 


DEFINITION 4.14: Let V be a collection of super interval matrices with 
zero super interval matrices and G be a group under addition. We call V 
to be a group vector space of super interval matrices over the group, if 


the following conditions are true. 


(1) For every v € Vand g € Gg.vand v.g are in G. 
(2) 0.v = 0 for every v € V and 0 the additive identity of G. 


We will illustrate this situation by some simple examples. 
Example 4.63: Let 


V = {([0, ar] [0, a2] | [0, a3] [0, a4] [0, as] | [0, ac]), (00/000) 0), 


[ [0,a,]] [0] 

[0,a,]| |0 
| [0,a,] [0,a,] | [0,a,]] [0 0| 0] | [0,a,]} |o 
[0,a,] [0,as] | [0,a,]| | 0] 0} | [o,a,]| [0 
[0,a,] [0,ag] | [0,a,]} |}0 0} 0} | [0,a,]} |0 
[0,ai9] [0.a,,] | [0,a,]]?]0 0} 0]? | [0,a,] |’ | 0 | 
[0,a;;] [0,a,4] | [0,a,5] 0 0|0 [0,a,] 0 
[0,26] [0,4] |[0,a,]| |0 0]0) | [0,a,]| Jo 
: ~“ ~ | [0a] } |o 

[0,291] [0 
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a; € Z4s, 1 <i < 18} be a group vector space over the group G = Z4s 
under addition modulo 45. 


Example 4.64: Let 


[0,a,] [0,a,] 0 0 
[0,a;] [0,a,] 0 0 


[0,a,;] [0,a,4]}°]0 0 
[0,a,;] [0,a,,]| | 0 
[[0,a,,] [O,a,.]] [0 


[0,a;]  [0,a,] [0,a5] } [0,a,] 
[0,a;] [0,a,] [0,a,] | [0,a,] 
[0,a,] [0,a,)] [0,a,,] | [0,a,,] 
[0,a;3] [0,a,4] [0,a,5] | [9,a,6] 
L0,a,7]  [0,a;g]  [0,a;9] | [0,a59] 
[0,a,] [0,a5.] [0,a5] | [0,254] | 


([0, ai] [0, a2] [0, a3] [0, a4] | [0, as] | [0, ao] [0, a7] | [0, as] [0, ao] [0, aio]), 
(0000/0/|00)| a, € Za, 1 <1 < 24} be a group vector space of super 
interval matrices over the group Z,7 under addition modulo 27. 

It is pertinent to mention here that we cannot have group vector 
spaces over a group using Z* U {0} or Q’ U {0} or R’ U {0}. The only 
group vector spaces we get are using modulo integers Z,, n < co under 
addition. 


We now proceed onto define the notion of group vector subspace of a 
group vector space over a group G. 


DEFINITION 4.15: Let V be a group vector space of super interval 
matrices defined over the group G. Let P CV (Pa proper subset of V). 
If P itself is a group vector space over the group G then we call P to be 
a group vector subspace of V over the group G. 
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We will illustrate this situation by some examples. 


Example 4.65: Let 


[0,a,]] [0 
[0,a,]} | 0 
(0,a,] | [0221 [31] Jroay| fol [21% ° 
V=y/(0.04]] {046} [2,]]. Joa qf>fop [2 {2 
(0.a5}] {a} [a5]} Joy. 4] |o| Lolo 9 
[[0.ac]] | 0| 


(LO, ai] | [0, a2] [0, as] [0, a4] [0, as] | [0, a] [0, a7]), (0 |0000] 00) | ai 
€ Z;, 1 <i < 9} be a group vector space of super interval matrices over 
the group Z7 = G under addition modulo 7. 

Consider P = {([0, aj] | [0, a2] [0, a3] [0, a4] [0, as] | [0, ac] [0, a7]), (0 
|0000|00)|a € Z, 1<i<7} CV, P is a group vector subspace of 
V over the group G = Z;. 

Consider 

[0,a,] | [0,a,] [0,a,]]/0 | 0 0 
T= 4} [0,a,] | [0,a,] [0,a,]]}0)0 Oj}/a,eZ,;1<si<9> CV, 
[0,a;] | [0,a,] [0,a,]]]}0|0 0 


T is a group vector subspace of V over the group G = Z). 
Example 4.66: Let 


V = {([0, ai] [0, a2] | [0, a3] ... [0, ai2] | [0, ais] ... [0, aro), 
(00|0...0|0... 0), 


[0,a3] [0,a,] [0,a5] 


ee [0,a,] 
[0,a,] [0,a,9] [0,a,;] 


[0,a,] [0,a,] 
0 0/0 0 O|0 
0 0/0 0 O|0)’ 
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ae 
[0,a,,] : 


| [0,a,]] [0] 
[0,a,]} |0 
[0,a,,] > 0 | 
[0,a,,]| | 0 
{[0,a,]} [0] 


a; © Zo49, 1 <i < 20} be a group vector space of super interval matrices 
over the group G = Zo.. 
Consider 


H= {([90, ai] [0, az] | [0, a3] onan [0, ai] | [0, a3] ae [0, anq]), 


[0,a, 0 
0,a,]} | 0 
(00|0...0]0... 0), | [0,a,,]}, | 0} | 
[0,a,,]] | 0 
[0,ai,]] | 0 


a € Zoo, | <i S 16} C V, is a group vector subspace of V over the 
group G = Zo49. 


Now we can define also the notion of subgroup vector subspace of a 
group vector space over a group G. 


DEFINITION 4.16: Let V be a group vector space of super interval 
matrices over the group G. Let H CG be a proper subgroup of G. Let W 
CV, W be a group vector space over the group H; then we call W to be 
a subgroup vector subspace of V over the subgroup H of G. If V has no 
subgroup vector subspace we call V to be a pseudo simple group vector 
space over the group G. 


We will illustrate this situation by some examples. 


187 


Example 4.67: Let 


[0,a,] [0,a, ] [0,a3] | 0 0 0 
[0,a,] [0,a;] [0,a,] || 0 0 
[0,a,] [0, ag ] [0, a, ] 0 0 0 
v= [0,a,5] [0,a,,] [0,a,,]]]0 0 0 
[0,a,,] [0.a,,] [0,a,;]/}0 0 0 
[0,a;,] [0.a,7] [O,a;.]]}]0 0 0 
[0,a,5] [0,a.5] [0,a,,]}}/0 0 0 
[0,a,,] [0,a,5] [0,a4] | 9 0 0 


([0, ai] [0, a2] | [0, a3] | [0, ag] [0, as]) (00|0|00)| a; eZ, 1 sis 24} 
be group vector space of super interval matrices over the group G = Zo4 
under addition modulo 24. Consider H = {0, 2, 4, 6, 8, ..., 20, 22} C Zn4 


= G be a subgroup of G under addition modulo 24. 


Choose W = {((0, ai] [0, a2] | [0, a3] | [0, a4] [0, as]) (0.0 | 0 | 0 0) | a; 
€{0, 2, 4, 6, 8, ..., 18, 20, 22} c Zu, 1<1<5} Cc V, W is a subgroup 


super vector subspace of V over the subgroup H of G. 
W is also a group vector subspace of V over G. 


Example 4.68: Let 


}: 


(Ko [0,a,]| [0.a5] [0,4] [0,a5] [0,a,] | [0,27] 
[0,ag] [0,a5] | [0,a,9] [0,a,,] [0,a,.] [0,a,5] | [0,444] 
[0, a, | [0,a, ] [0, a3] 0 0 0 
[0,a,] [0.a5] [0.a.]] ]0 0 0 
0 0/0 0 0 Ojo eats iets ase mts ma ; ; ; 
0 0 0 0 0 0 0 5) [0,a,9] [0,a,,] [0,a,5] ’ 
[0,a:3] [9,a,4] [0,a,5] 0 0 0 
[0,a,,] [0,a,7] [0,a,¢] 00 0 
[0,a,5] [0,a59] [0,a5,] 00 0 
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a; € Z4s, | <i < 21} be a group vector space of super interval matrices 
over the group G = Z4;. Choose H = {0, 5, 10, 15, 20, 25, 30, 35, 40} c 
Z4s = G is a subgroup of G. 


Consider 
_{(0 0/0 0 0 Oj0 
00/0 0 0 O}0)’ 
[0,a;] [0,a,] [0,a;] [0,a,] | 


ne [0,a ] 
[9,a;9] [0,4] [0,a,2] [04,3] | [0,a,4] 


[0,ag] [0,a9] 


a € Z4s, 1 <1 < 14} CV, W is a subgroup vector subspace of V over the 
subgroup H of G. 


Example 4.69: Let 


0|0 0|][0,a,] |[0,a,] [0,a5] 
V= ae 0 > [0,a, ] [0,a¢] [0,a7]), 
0/0 0} [[0,a;5] | [0,as] [0,a9] 


((0, ai] [0, a2] [0, as] | [0, a4] [0, as] [0, ac] | [0, a7] [0, ag] | [0, ao]), (0 0 0 
|000|00| 0) | a € Zi3, 1 <1 < 9} be a group vector space of super 
interval matrices over the group G = Z)3 under addition modulo 13. 


Now 
0|0 0 i] | [0,a [0,a; ] 

W= 4/0 0,a,] | [0,a,] [0,a,]| |aie Z3,1<1<93 CV 
ee ea] [0,a, ] 


is a group vector subspace of V. However V has no subgroup vector 
subspaces as G has no proper subgroup under addition. 


Inview of this we have the following theorem the proof of which is 
straight forward. 


THEOREM 4.4: Let V be a group vector space of super interval matrices 


over the group G = Z,, p a prime. G is a pseudo simple group vector 
space. We can define linearly dependent set and linearly independent 
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set in case of group vector spaces also. This task is a matter of routine 
and hence is left as an exercise for the reader. 


We as in case of semigroup vector spaces define for any two group 
vector spaces V and W of super interval matrices over the group G, the 
group linear transformation. 

T:V—> Was T (av) =aT (v) forall v eV anda e G. 


If V = W then the group linear transformation is defined as group 
linear operator. This study is interesting and the reader is expected to 
work with it. 


Now we proceed onto define the notion of group linear algebra of 
interval super matrices over a group G. 


DEFINITION 4.17: Let V be a group vector space over the additive 
group G. If V is a group under addition then we define V to be a group 
interval super matrices of linear algebra over the group G. 


We will illustrate this situation by some examples. 


Example 4.70: Let V = {([0, ai] [0, a2] | [0, a3] [0, a4] [0, as] | [0, a6] | [0, 
a7] [0, ag]) | aj © Zu, 1 <1 < 8}, V is a group under addition. V is a 
group linear algebra over the additive group G = Zap. 


Example 4.71: Let 


| [0,a,] [0,a,] | [0,a5] 
[0,a4] [0,a5] | [0,46] 
[0,a,] [0,ag] | [0,a,] 
[0,219] [0,a),] | [0,a,.] 
[9,a,;] [0,a,4] | [9,a,5] 
[0,216] [0,a,7] | [0,a,¢] 


where aj € Zo9, | <1 < 18} be a group linear algebra over the additive 
group G = Zn. 
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Example 4.72: Let 
[0,a,] [0,a,] 
V=4|[0,a;] [0,24] 
[0,a5] [0,a,] 
[0,a,]  [0,a,] [0,a,] [0,a,9] [0,a,,] | [0,a,,] 
[0,4;3] [0,a,4] [0,a;5] [0,a;6] [0,47] | [0,215] 
[0,aj] [0,49] [0,4,] [0,42] [0,43] | [0,454] 


a; € Zo49, 1 <i < 24} be a group linear algebra of super row vectors over 
the group G = Zo. 


Example 4.73: Let 


[0,a,] [0,a,] [0,a5] | 
[0,a,] [0,a;]  [0,a,] 
[0,a,] [O,ag] [0,a,] 
[0,a,9] [0,a,,] [0,a;.] 


P= a; € Zy4,1<1< 24 
[0,45] [0,214] [0,a,5] } 


[0,216] [0,a,,] [0,a,¢] 
[0,15] [0,259] [0,a,,] 
| [9,222] [0,25] [0,541 | 


be a group linear algebra of super interval column vectors defined over 
the group G = Z4. 


It is important and interesting to note the following. Using super 
interval matrices with special type of intervals of the form [0, a] we see 
we cannot get group linear algebras built using Z’ U {0} or Q’ U {0} 
or R* U {0} under addition. 


Example 4.74: Let 

[0,a,] [0,a,] 
[0,a5]  [0,a¢] 
[0,ag]  [0,a9 ] 
[0,a,4] [0,a,.] 
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a; € Z43, 1 <i < 12} be a group linear algebra of super interval matrices 
over the group G. 

All group linear algebras constructed are of finite order hence we 
will have a finite basis or a finite generating set. 


Another interesting feature is that using a single interval matrix one can 
derive several group linear algebras over the same group G. This is a 
marked difference between interval matrices and interval super matrices. 
Thus using interval super matrices helps us to get a variety of algebraic 
structures. 

Now we proceed onto describe group linear subalgebra of super 
interval matrices and subgroup linear subalgebra of super interval 
matrices and give examples of them. 


DEFINITION 4.18: Let V be a group linear algebra of super interval 
matrices over the group G. Let W CV; if W is a proper subset of V and 
W itself is a group linear algebra over the group G then we define W to 
be a group linear subalgebra of super interval matrices of V over the 
group G. 


We will illustrate this situation by some examples. 


Example 4.75: Let 


[0,a,]  [0,a,] | 
[0,a,] [0,a,] 
[0,a,] [0,a,] 
[0,a,] [0,a,] 
V=4| [0,a,] [0,a,9]}} ai € Zs; 1 <1 < 18} 
[0,a;,] [0,a,.] 
[0,a,3] [0,a,4] 
[0,a;5] [0,a,6] 
[0,215] [0,15] } 


be a group linear algebra of the super interval row vectors over the 
group G = Z); under addition modulo 25. 
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Consider 


| [0,a, ] [0,a5]] 
[0,a,] [0,a,] 
0 0 
0 0 
W= 0 0 a € Zo55 1 $1 <8} CV; 
[0,a;] [0,a;] 
0 0 
[0,a,] [0,a,] 
0 0 


W is a group linear subalgebra of V over the group G = Z)s. 


Example 4.76: Let V = {({0, a:] [0,a2] [0,a3] | [0,a4] [0,as] [0,a6] [0,a7] | 
[0,as] [0,a9] | [O,ai0]) | ai € Z7; 1 <i < 10} be a group linear algebra over 
the group G = 2Z, under addition modulo 7. 
V is a set of super row interval matrices. Consider M = {([0,a;] [0,a2] 
[0,a3] | 0 [0,a4] 0 [0,a5] | 0 [0,a6] 0) | a, © Z7; 1 <1 <6} C Vis a group 
linear subalgebra of super row interval matrices over the group G = Z;. 


Example 4.77: Let 


[0,a,] | [0,a,] [0,a,] [0,a,] 
[0,a;] | [0,a,] [0,a,] [0,a,] 
P= 4} [0,a)] | [0,a,9] [0,a,,] [0,a.]}} ai € Zis; 1 S<i< 20} 
[0,a;.] | [0,a,3] [0,a,4] [0,a,5] 
[0,216] | [0.4.7] [0,ag] [0,a,5] 


a 


be the group linear algebra of super interval matrices over the group G = 
Zs under addition modulo 15. 


Consider 
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0 0 0 

0 0 0 
[0,a;] [0,a,] [0,a5] 
[O,a5] [0,a;] [0,ag] 
[0,a] [0,a,9] [0,a,,] 


a, € Z1s5; 1 <i< 11} CP isa group linear subalgebra of P over the group 
G= Lis. 


Now we proceed onto show every group linear algebra of subinterval 
matrices over G in general need not have group linear subalgebras over 
G. 


We will illustrate this situation by some examples. 


Example 4.78: Let 

[[0,a]| 
[0,a] 
[0,a] 
V=41[0,a]| | ai © Zas} 
[0,a] 
[0,a] 
L[0,a] | 


be a group linear algebra of super column interval matrices over the 
group G = Z,; under addition modulo 23. V has no nontrivial group 
linear subalgebra. In fact order of V is 23 and V is generated by 
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Thus dimension of V as a group linear algebra over G is one. 


Example 4.79: Let 


aj € Zy7} 


be a group linear algebra of super interval matrices over the group G = 
Zi7 under addition modulo 17. Clearly V has no group linear 
subalgebras. Order of V is 17 and dimension of V is one. V is generated 
by 


over G. 
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Example 4.80: Let V = {({0, a] [0,a] | [0,a] | [0,a] [0,a] [0,a] [0,a] [0,a] | 
[0,a] [0,a] [0,a] | [0,a]) | a, © Z43} be a group linear algebra of super row 
interval matrices over the group G = Z43 under addition modulo 43. 

Clearly number of elements in V is 43. V has no proper group linear 
subalgebras over the group G. V is generated by X = {([0, 1] [0,1] | [0,1] 
| [0,1] [0,1] [0,1] [0,1] [0,1] | [0,1] [0,1] [0,1] | [0,1] c V. Thus 
dimension of V as a group linear algebra over G is one. 

Thus we have seen examples of group linear algebras of super 
interval matrices over the group G which does not contain any proper 
group linear subalgebras over the group G. We call these group linear 
algebras of super interval matrices as simple group linear algebras. We 
give a theorem the proof of which is direct and hence left as an exercise 
to the reader. 


THEOREM 4.5: Let V be a set of super interval matrices where every 
interval in that super interval matrix is [0, a] with a € Z,, p a prime. V 
be the group linear algebra over Z, = G. V is a simple group linear 
algebra and has p elements and is of dimension one over Z, = G. 


Next we proceed onto define subgroup linear subalgebra of a group 
linear algebra. 


DEFINITION 4.19: Let V be a group linear algebra of super interval 
matrices over the group G under addition. Suppose W c V be a proper 
subset of V. Let H © G be a proper subgroup of G. If W is a group 
linear algebra of super interval matrices over the group H, then we 
define W to be subgroup linear subalgebra of V over the subgroup H of 
the group G. 


We will illustrate this situation by some examples. 


Example 4.81: Let 
[0,a,;] [0,a,]} [0,a;] [0,ag] [0,a5] [0,a,9]} [0,4] 
Soe [0,4] [0,a5]/[0,a;;] [0,a).] [0,a3] [0,a,,]} [0,429] 
[0,a;] [0,a,])[0,a,;] [0,a,5] [0,a,,] [0,a,.]} [0,a,,] 


ai © Zjo0; 1 <i < 21} be a group linear algebra of super row interval 
vectors over the group G = Zjoo under addition modulo 100. Consider H 
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= {0, 10, 20, 30, ..., 90} C G = Zio is a subgroup of G under addition 
modulo 100. 
Choose 


0 0 [0, a, ] [0,a,] [0,a ] [0,a,] 0 
W=4/0 0)[0,a5] [0,a,] [0,a,] [0,a,,]} 0 
0 0 [0,ag] [0,a,] [0, a0] [0,a,,] 0 


a; € Zj00; 1 <1 $ 12} C V; Wis a subgroup linear subalgebra of V over 
the subgroup H of the group G. 


Example 4.82: Let 


| [0,a,] [0,a,] | 
[0,a;]  [0,a,] 
[0,a5] [0,a¢] 
vay Ward Doael | ez 1 Sis 16} 
[0,a,] [0,a19] 
[0,a;;]  [0,a,)] 
[0,a;3] [0,a,4] 
[10,a,5] [0,a,6] | 


be a group linear algebra of super column vectors over the group G = 
Z4s. Consider H = {0, 5, 10, 15, ..., 35, 40} C Zus be a subgroup of G 
under addition modulo 45. 

Choose 


[0,a,] [0,a,] 


0 0 
0 0 
0 0 ' 
W = 4} ————_ ]] a € Za53 1 $1 S$ OS CV; 


[0,a,] [0,a,] 
[0,as] [0,a,] 
0 0 
0 0 
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W is a subgroup linear subalgebra of super column interval vectors of V 
over H, the subgroup of G. 


Example 4.83: Let 
[0,a,] | [0,a5] 
V= : : a € Zy3; | <1 < 16} 
[0,a;5] | [0,446] 


be a group linear algebra of super interval matrices over the group G = 
Z43 under addition modulo 43, 

Clearly G has no proper subgroups under addition. Hence V cannot 
contain any subgroup linear subalgebra. We call those group linear 
algebras which has no subgroup linear subalgebra as a pseudo simple 
group linear algebra of super interval matrices. 

We will give a theorem which guarantees a class of pseudo simple 
group linear algebra of super interval matrices over a group G. 


THEOREM 4.6: Let V be a collection of super interval matrices with 
same partition with entries from Z,, p a prime be the group linear 
algebra over the group G = Z, under addition modulo p. V is a pseudo 
simple group linear algebra over G = Z,. 


We will give more examples before we proceed further. 


Example 4.84: Let G = Z.; be a group under addition modulo 43. 
Choose 


[ [0,a,] |...| [0,a,] [O,ag] J 
[O,ag] |... | [0,a,5] [0,446] 
[0,a,,] |... | [0,a,3] [0,a,,] 
V= : : : : 
[0, a5 ] [0,a,,] [0,a,,] 
[0,a73] |... | [0,a7] [0,ago] 
}[0,ag1] |---| [0,47] [0, age] | 


198 


where aj € Z43; | < i < 88} be a group linear algebra of super interval 
matrices over the group G = Z43. V has several group linear subalgebras 
but no subgroup linear subalgebra as G is a group of prime order 43. 

As in case of semigroup linear algebras we can define the notion of 
direct sum in case of group linear algebras which is a matter of routine. 
Pseudo direct sum can also defined in case of group linear algebras. 


We will give an example of each and the interested reader can 
provide more examples. 


Example 4.85: Let V be a group linear algebra over the group G = Zo. 
V = {([0, ai] [0,42] [0,a3] | [0,a4] [0,45] [0,46] [0,a7] | [0,as] [0,40] | [0,ai0]) 
| ai € Zoo, | < i < 10} be the group linear algebra of super interval row 
matrices. Consider W, = {([0, a;][0,a2] [0,a3]| 0000/00 0) | a; € Zap, 
1<i<3}, W.= {(000/0000| [0, aj] [0,a2] | 0)} a; © Za, 1 <i <2} 
and W3 = {(0.0 0| (0, ai] [0,a2] [0,a3] [0,a4] | 0 0 | [0,a6]) | a; € Zero, 1 <i 
< 5} be group linear subalgebras of the group linear algebra V.° 


Clearly V = W; + W2 + W3 and W; 0 W; = (0) ifi #j, 1 <i <3. 
Thus V is the direct sum of group linear subalgebras of V. 


Example 4.86: Let 


l [0,a,] 

[0,a,] 
V=4| [0,a,] 
[0, ajo] 
[0,a,5] 


[0.a,] [0,3] | 
[0,a;]  [0,a,] 
[0,ag] [0,a9] | aj € Zi2; 
[0,a;;] [0,a,.] 
[0,a,4] [9,a;5] | 


1 <1< 15} be a group linear algebra of super interval matrices over the 
group G = Z,, under addition modulo 12. 
Consider 
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W\= 


W2= 


[0,a, ] 
[0,a; ] 
W;3 = 


0 


[0,a,] 
[0,a, ] 
0 


and 


0 
[0, a5] 


Ws= 


[0,a5] 


a € Zy23 1 <1< 4}, 


a € Zi; 1 <i< 6}, 


[0,4] 


[0,a,] 
[0,a,] 


a € Zy3 1 <1 <5}, 


[0,5] 


[0,a,] 
0 


a € Zi; 1 <1 <4} 


aye Z123 1 <i<6}, 
[0,a,] 


be group linear subalgebras of V over the group G = Zj. Clearly V = 
W,+W2+ W;3+ Wa 4 Ws but Wi 7 W; # (0) or o, 1 <i,j <5. Thus V is 
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only a pseudo direct sum of group linear subalgebras W,, W2, W3, W4 
and Ws. 

Now we proceed onto define the notion of pseudo group vector 
subspace of a group linear algebra. 


DEFINITION 4.20: Let V be a group linear algebra of super interval 
matrices over the group G. Let W —V be a proper subset of V such that 
W is only a group vector space over the group G then we define W to be 
a pseudo group vector subspace of V over the group G. 


We will illustrate this situation by an example or two. 


Example 4.87: Let 


[0,a,] [0,a,] | [0,a5]] 
We) Losey sag ]| Tao, 
[0,a,,] [0,a,,] | [0,a,5] 
[0,a;;] [0,a,4] | [0,a;3] | 


a; € Z15; | <1 < 15}, be a group linear algebra of super interval matrices 
over the group G = Z)5 under addition modulo 15. 
Consider 


[[0,a] [O,a]| 0 


O. Oral 6 
0 [0,a]| 0 
0 of o 
0 [0a]! 0 
[0,2] [0,a] | [0,a], 
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where a € Z)5} c V. Clearly W is only a group vector space over the 
group G = Zs. Clearly W is not a group linear subalgebra over G hence 
W is a pseudo group vector subspace of V over the group G = Z)s. 


Example 4.88: Let 
[0,a;] [0,44] |[0,a;]} [0,49] [0,4] [0a] [9,a,5] 
V=5}([0,a,] [9,45] |[0,ag]} [0.4.4] [0,a,5] [0,a,,] [0,a,7] 
[0,a;] [0,a,] |[0,a,]} [O,a,;] [0,a,5] [0,a] [0,a5,] 


ai € Zs}; | <i < 21} be a group linear algebra of super interval row 
vectors over the group G = Zs. 
Consider 


[0,a] [0,a] |0] 0 0 0 [Oa] 
W=4/[0,a] [0,a] |0] 0 0 O [0,a]], 
[0,a] [0,a] |0] 0 0 O [Oa] 


[0,a] |[0,a]] 0 0 [Oa] 0 
[0,a] |[0,a]} 0 0 O- [0,a]| 
[0,a] |[0,a]] 0 0 [Oa] 0 


[0,a] 0 |[0,a]|[0,a] 0 0 0 
0 [0.a]| 0 |[0,a] 0 0 0 
[0,a] [0,a] |[0,a]|[0,a] 0 0 0 


a; € Zs C V; W is only a group vector space of super interval matrices 
over the group G. Hence W is the pseudo group vector subspace of V 
over the group G = Zs. 
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Chapter Five 


SUPER FUZZY INTERVAL MATRICES 


In this chapter we introduce the notion of super fuzzy linear 
algebras of super interval fuzzy matrices. We first introduce the notion 
of super interval fuzzy matrices before we proceed to define fuzzy set 
super interval vector spaces, fuzzy semigroup super interval vector 
spaces and fuzzy super interval group vector spaces. We will be 
defining two types of fuzzy set super interval sector spaces, fuzzy group 
super interval vector spaces and fuzzy semigroup super interval vector 
spaces. 

The chapter has two sections in the first section super interval fuzzy 
matrices are introduced for the first time. Further in this section we 
define fuzzy super interval set linear algebra or fuzzy set super linear 
algebra. Special fuzzy set linear algebras are introduced in section two. 


5.1 Super Fuzzy Interval Matrices 
In this section we for the first time introduce the notion of super 


fuzzy interval matrices and describe some operations on them. 
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DEFINITION 5.1.1: Let X = {([0, a,] [0,a2] | [0,a3] [0,a4] | [0,as].. . 
[0,a,] | [0,a7] [0,an-1]) | a, € [0,1] }. X is defined as the super fuzzy 
interval row matrix. 


So a super interval row matrix in which the entries are from [0,1] 
will be known as the super fuzzy interval row matrix. 


Example 5.1.1: Let P = ([0, 0.7] [0,1] | 0 [0,0.2] [0,0.132] | [0,0.9312] 
[0,0.571] [0,0.3102] [0,0.014]) is a super fuzzy interval row matrix. 


Example 5.1.2: Let X = {({0, 1] [0,0.5] [0,0.371] | [0,0.123] [0,0.3012] | 
[0,0.015])} is a super fuzzy interval row matrix. 


DEFINITION 5.1.2: Let 


[ [0,a,] 
[0,a,] 
[0,a;] 
[0,a,] 
a 7) [0,1]; 1 <i <n} 
[0,a,.)] 


[0,a,_,] 
[0,a,] 


be a collection of super interval column matrices. T is a fuzzy super 
interval column matrix or super fuzzy interval column matrix. 


We will illustrate this situation by some examples. 
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Example 5.1.3: Let 
| [0,0.5] 
[0,0.2] 
[0,0.3] 
[0,0.12] 
[0,0.0123] 
P= | [0,0.051] 
[0,0.0125] 
[0,0.05 1] 
[0,0.0012] 
[0,0.412] 
| [0,0.302] | 


P is a super interval fuzzy column matrix. 


Example 5.1.4: Let 
[0,1] 
[0,0.21] 
[0,0.514] 
[0,0.35] 
X= | [0,0.021] 
[0,0.101] 
[0,0.2] 
[0,0.1] 
[0,1] 
be a super fuzzy interval column matrix. 


Example 5.1.5: Let 
[0,1] 
[0,0.2] 
~ | [0,0.3] 
[0,0.4] 
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be a super fuzzy interval column matrix. 


DEFINITION 5.1.3: Let 


V=4|a, a, a, | a, |...) a a; € [0,1]; 1 Si <n}, 


ad; A, Ay}, As |...| a 
V is defined as the super fuzzy interval row vector. 


We will illustrate this by some examples. 


Example 5.1.6: Let 
v= [0,1] [0,0.2]} [0.1] [00.51] [0.031] | [0,072] 
7 0 —[0,0.1]} [0.03] [0,0.69] [0.0.04]] [0,0.21])}’ 


V is a super fuzzy interval row vector. 


Example 5.1.7: Let 
‘= te [0.1] [0.0.72] He [0,0.11] ae 


[0,0.16]) ©  [0,0.103] [0,0.105]| [0,0.167] [0,0.7] 


be the super fuzzy interval row vector. 


Now we proceed onto describe the notion of super fuzzy interval 
column vector. 


DEFINITION 5.1.4: Let 


| [0.a,J  [0,a,] [0,45] | 
[0,a,]  [9,as] [9,45] 


[POsa.5F [0,a,_;] [0,a, ] | 
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where a; € [0,1]; Z43 1 <i Sn}, V is defined as the super fuzzy interval 
column vector. 


We can have different partitions and different number of columns 
the only criteria being 0 <i< 1. 
We will illustrate this situation by some examples. 


Example 5.1.8: Let 
[0,1]  [0,0.3] 0 
[0,0.4] [0,1] [0,1] 
[0,1] 0 [0,0.4] 
[0,1]  [0,0.1] [0,0.4] 
V= 0 [0,1]  [0,0.1] 
0 [0,0.7] 0 
0 [0,0.8] [0,1] 
[0,1]  [0,0.3] [0,0.1] 
0 [0,0.7] 0 


be the super fuzzy interval column vector. 


Example 5.1.9: Let 


[[0,a,] [0,a,] [0,a;]  [0,a, | 
[0,a5;] [0,a,] [0,a,] [0,a,4] 
[0,a5] [0,aio] [0,a,;] [0,a;.) 

V=|[0,a,;] [0,a,,] [0,a,;] [0,a,.] 
[0.a,7] [0.5] [0,a,5] [0,a29] 
[0,a,,] [0,4] [0,a,5] [0,455] 

[19,455] [0,454] [0,a¢] [0,a,,] | 


where 0 < a; < | be a super fuzzy interval column vector. 


Now we proceed onto define super fuzzy interval matrices or fuzzy 
super interval matrices. 
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DEFINITION 5.1.5: Let 
[0,a,] | 
[0,a>,] 


[0,a,] 
[0,4,4,] 


| £0.46 n rmsd 


where 0 Sa; S1.i=1, ... 2 mn. V is defined as the super fuzzy interval 
matrix. 


It can be rectangular or square. Now we see we can on a given fuzzy 
interval matrix have several partitions which lead to different super 
fuzzy interval matrices. For instance consider the fuzzy interval row 
matrix. 

X = ((0,0.5] [0, 0.3] [0, 0.1] [0, 1] 0 [0, 0.4]); how many super fuzzy 
interval row matrices can be obtained from X. 


X, = ({0,0.5] | [0, 0.3] [0, 0.1] [0, 1] 0 [0, 0.4]) 
X> = ({0,0.5] [0, 0.3] | [0, 0.1] [0, 1] 0 [0, 0.4]) 
X; = ({0,0.5] [0, 0.3] [0, 0.1] | [0, 1] 0 [0, 0.4]) 
X,4 = ([0,0.5] [0, 0.3] [0, 0.1] [0, 1] | 0 [0, 0.4]) 
Xs; = ({0,0.5] [0, 0.3] [0, 0.1] [0, 1] 0 | [0, 0.4]) 
Xo = ([0,0.5] | [0, 0.3] | [0, 0.1] [0, 1] | 0 [0, 0.4]) 
X, = ([0,0.5] [0, 0.3] | [0, 0.1] | ...) and so on. 


Thus by partitioning we get super interval fuzzy matrices which helps us 
to get several super interval fuzzy matrices. These structures can 
certainly find their applications in mathematical models. 


Example 5.1.10: Let 
[0,1] | [0,0.3] [0,0.2]] 
[0,0.5] | [0,0.7] [0,0.1] 
V=! [0,1] | [0,0.1] [0,0.7] 
[0,0.7] | [0,0.6] [0,1] 
[0,0.9] 0 [0,0.9] | 
be a super interval fuzzy matrix we can have several partitions of the 
interval fuzzy matrix of order 5 x 3. 
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Example 5.1.11: Let 


where 
[0,1] [0,0.3] 
a, = |[0,0.4]|, a= | [0,1] |, 
[0,1] [0,0.7] 


a3 = ({0.9]) and ay = ([0, 1]) are fuzzy interval submatrices of the super 


fuzzy interval matrix V. 


Example 5.1.12: Let 

a 4, ay 
a, 44, arg 
as ag ay 
a; ag ayy 


be a super fuzzy interval matrix where 


0 [0,1] 
[0.1] 0 
ag = » a= [0,1] » B= 0 > 
0  [0,0.7] 
[0,0.6] [0,0.3] 
[ol] 0 


aio=| 0 — [0,0.3]|,as=({0, 1]), as=([0, 0.1101)), 
[0,0.7] [0,0.1] 
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[0,1] 0 
ai = ([0, 1] [0, 0.1 01]), a7 = | [0,0.3] |, ag = | [0,1] 
0 0 
and 
0 [0,1] 
aya=| [0,1] 0 
[0,0.3] [0,0.1] 


are interval fuzzy submatrices of the super interval fuzzy matrix V. In 
fact V has 12 interval fuzzy submatrices. Further natural order of V is 
9x 4, 


Example 5.1.13. Let 


a, as 
a, a, 
a, ag 
where aj, . . ., ag are the interval fuzzy submatrices of V. Further natural 


order of V is 4 x 2. 

Now having seen examples of super fuzzy interval matrices we just 
give one more example of a super fuzzy interval square matrix whose 
natural order is a square matrix. 


Example 5.1.14: Let 
[0,1] 


[0,1] 
[0,1] [0,0.2] 


a, 4; 


; F ay 
be a super interval fuzzy matrix. where a), a, ..., a6 are 


a, a5 aG 


fuzzy interval submatrices of the super fuzzy interval matrix V. 
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The natural order of V is 4 x 4 however its super interval matrix order is 
2x3. 


Now we proceed onto define min or max function on V a super fuzzy 
interval matrix. 

Let V = ([0, aj] [0,42] | ... | [0,a12]) and W = ([0, bi] [0, b2] | .. . | [0, 
b,2]) be two super fuzzy interval row matrices where 0 < aj, b; < 1 of 
same type and1= 1, 2, ..., 12. 

Define 


V+W=min(V, W) 
= (min ([0, a] [a;,b;]), min ([0, a2] [0,b2]) | ... | min ([0,a;2], 
[0,b:2]) 
= ([0, min (a, b;)] [0, min (a),b2)] |... | [0, min (a)2, b:2))). 


Thus we can define min operation on two super interval fuzzy row 
matrices of same order with identical partition. 

Even if the partitions of the same natural order matrix is different 
we cannot define the min operation them. 


We will illustrate this situation by some examples. 


Let x = ((0, 1] | [0,0.3] [0, 0.4] | 0 [0,0.8], [0,0.2] | [0, 0.9]) and y = 
(0 | [0, 1] [0,0.5] | [0, 0.2] [0,0.7] [0,0.2] | [0, 0.1]) be two super fuzzy 
interval row matrices of same order with identical partition. 

min (x, y) = (0 | [0, 0.3] [0,0.4] | 0 [0, 0.7] [0,0.2] | [0, 0.1]). 

Thus when we have a collection of P super fuzzy interval row 
matrices with identical partition on them, then (P, min) is a semigroup 
known as the semigroup of super fuzzy interval row matrices. 


We can show this by some examples. 


Example 5.1.15: Let V = {([0, a1] [0,a2] | [0, as] [0,a4] [0,as] | [0, as]) | ai 
€ [0,1]; 1 < i < 6} be the collection of all super fuzzy interval row 
matrices of order 1 x 6 with min operation defined on it. (V, min) is a 
semigroup of super fuzzy interval row matrices. Clearly cardinality of V 
is infinite. 

If we in the definition of min replace by max still this will give a 
semigroup. 
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Example 5.1.16: Let V = {([0, a;] | [0,a2] ... [0, aio] | [0,a12] ... [0,a11]) | 
a; € [0,1]; 1 <1 < 15}; V under max operation is a semigroup of super 
interval fuzzy row matrices. Clearly order of V is infinite. 


Example 5.1.17: Let V = {([0, a:] | [0,a2] | [0, a3] [0,a4] | [0,as]) | ai € 
[0,1]; 1 <1 < 5} (V, max) is a fuzzy semigroup of super interval row 
matrices as well as (V, min) is a fuzzy super interval semigroup of row 
matrices. 


Now we proceed onto define for a super fuzzy interval matrix 
multiplication by elements in [0,1]. We have three ways of finding 
product of any element [0,1] with a super fuzzy interval matrix. 


Let A = ([0, a;] [0,a2] [0, as] | [0,a4] | [0,as] [0, ac]) where a; € [0,1]; 1 <i 
< 6}. Take b; € [0,1]. min {b,;A} = ((0, min {b; a;}] [0, min {b;, a.}] [0, 
min {b; a3}] | [0, min {b; a4}] | [0, min {b;, as}] [0, min {b; ag}]). We will 
illustrate this situation by an example. 

Let A = ([0, 0.5] [0,0.2] [0, 0.1] | [0,0.7] [0,0.1] | [0, 0.31] | [0, 
0.302] [0, 0.251] [0, 0.87]) be a super fuzzy interval row matrix. Let x = 
0.31 € [0,1]. To find min (x, A); min (x, A) = ({min {0.31, 0.5$] [0, min 
{0.31, 0.2}] [0, min {0.31, 0.1$] | [0, min {0.31, 0.7}] [0, min {0.31, 
0.1}] | [0, min {0.31, 0.31}] | [0, min {0.31, 0.302 }] [0, min {0.31, 
0.251}] [0, min {0.31, 0.87}]) = ({0, 0.31] [0, 0.2] [0, 0.1] | [0, 0.31] [0, 
0.1] | [0, 0.31] | [0, 0.302] [0, 0.251] [0, 0.31]). 


This is min product method with a fuzzy number. Next we define the 
max product method with a fuzzy element from [0, 1] with a fuzzy super 
row interval matrix. 

Let A = ([0, 0.2] [0,0.7] | [0, 0.3] 0 [0,1] [0,0.42] | [0, 1] 0 [0, 0.201] 
| [0, 0.001]) be a super fuzzy interval row matrix. Let x = 0.1 € [0,1] to 
find max (xA) = ({0, max {0.1, 0.2}] [0, max {0.1, 0.7}] | [0, max {0.1, 
0.3}] ({0, max {0.1, 0}] [0, max {0.1, 1} [0, max {0.1, 0.42}] | [0, max 
{0.1, 1}] [0, max {0.1, 0}] [0, max {0.1, 0.201}] | [0, max {0.1, 0.001}]) 
= ((0, 0.2] [0, 0.7] | [0,0.3] [0, 0.1] [0, 1] [0, 0.42] | [0, 1] [0, 0.1] [0, 
0.201] [0,0.1]). 


Now similarly if the column super interval matrix A the entries are 


from the interval [0, 1] then we define A to be a super fuzzy column 
interval matrix. 
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We will first illustrate it by some examples. 


Example 5.1.18: Let 


is the super fuzzy interval column matrix of natural order 5 x 1. 


Example 5.1.19: Let 


| [0,0.7] | 
[0,0.1] 
[0,1] 
[0,0.3] 
[0,0.4] 
[0,0.5] 
[0, 0.6] 
[0,0.1] 
[0,0.5] 
[0,0.7] 


| [0, 0.8] | 


be the super fuzzy interval column matrix of natural order 11 x 1. 


Example 5.1.20: Let 
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is the super fuzzy interval column matrix of natural order 5 x 1. 


Now we can define the max or min only on the super fuzzy interval 
matrices identical partition and same natural order. 


Thus if 

[ [0,1] | [0,0.3] | 

0 [0,0.8] 
[0,0.3] [0,1] 
[0,0.7] [0,0.9] 

x=]- and y = 

[0,0.5] [0,0.2] 
[0,0.1] [0,0.4] 
[0,0.8] [0,0.5] 
| [0,0.5] | [0,0.9] | 


be two super fuzzy column interval matrices. We define min 


[0, min {1,0.3}] / [0,0.3] 
[0, min {0,0.8}] [0,0] 
[0, min {0.3,1}] [0,0.3] 


[0,min {0.7,0.9}]| | [0,0.7] 
{X, y} = . = 3 
[0,min {0.5,0.2}]| | [0,0.2] 
[0,min {0.1,0.43]} | [0,0.1] 
[0,min {0.8,0.5}]| | [0,0.5] 


[0, min {0.5,0.9}]] | [0,0.5] 


Now we can say the collection of all super fuzzy interval matrices with 
same natural order and same type of partition under min operation is a 
semigroup known as the semigroup of super interval fuzzy column 
matrices or fuzzy semigroup of super interval column matrices with min 
operation. 


Now we can give one or two examples of fuzzy semigroups before 
we proceed to define max operation on them. 
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Example 5.1.21: Let 

[ [0,a, ] 
[0,a, ] 
[0,45] 
[0,a,] 
[0,a;] 
[0,a,] 
0,a,] 
0,5] 
0,45] 


| [0,a49 


€ [0,1]; 1<i<10} 


[ 
[ 
[ 
[ 


be the collection of all super fuzzy interval column matrices of natural 
order 10 x 1 with the same type of partition on it {V, min}; V with min 
operation is a fuzzy semigroup. 


Example 5.1.22: Let 
[ [0,a,] | 
[0, [0,a,] 
[0,a ] 
[0,a,] 
[0,5] 
[0,a,] || a € [0,4] c [0,1]; 1<1< 13} 
[0,a, | 
[0, a4, 
[0,a,, 
[0,a,, 
| [0,43 


| 
] 
] 
1 


be a super fuzzy interval column matrix of same natural order 13 x | 
and similar type of partition. M is a fuzzy semigroup of super interval 
column matrices with min operation defined on it. 


215 


One of the advantages of using super fuzzy interval matrices is we 
get several fuzzy semigroups of same natural order depending upon the 


partition defined on it. 
For instance take 


a 5 x | fuzzy interval column matrix. We can have only one fuzzy 
semigroup by defining the min operation on it. But on the other hand if 
we partition X we have the following partitions of X. 


a!) leo 
= toe i oe [0,a,] X3= 
[0,a,] 
[0,a,] | (0,a6]| 
[ (0,4, ] | [0,a,] 
[0,a, | [0, a5 | 
Xs =| [0,a;]], Xo = | [0,a,]], X> 
[0,a,] [0,a,] 
| [0,45] [0,a5 ] 
[0,a, ] [0,a, 
[0,a,] [0,a,] 
Xo =| [9,43 |, Xio = | [9,43] ], Xiu = 
[0,a,] [0,44] 
[0,a5] [0,a;] 
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[ [0,a,] 
[0,45] 
[0,a,] 

[0,a,] 

[0,a;] 


[ (0,4, ] 
[0,a,] 
[0,a, 
[0,a,] 
[0,a5] 


[ [0,a,] 
[0, a, ] 
[0,a3] 
[0,a,] 
| [0,a5] 


» X4 


Xg= 


, X12 = 


[0,a, ] 


~ |[0,a,]]’ 


[0,a5] 


[0,a,] 
[0,a, ] 
[0,a; |, 
[0,24] 
[0,a5] 


[ [0,a,] | 
[0,a, ] 
[0,a3 |, 
[0,a,] 

[0,25] | 


[ [0,a, ] 
[0,a,] 


Xj3 | [0,a, | and so on. 


[0,a,] 
|[0,a5] 


We get more than 13 such fuzzy semigroups which is one of the 
advantages of using super interval fuzzy matrices instead of interval 


fuzzy matrices. 


Now we can define max operation on fuzzy super interval column 


matrices which will be described by the following example. 


Consider 
| [0,0.3] 
[0,1] 
[0,0.7] 
[0,0.1] 
X= 0 and Y = 
[0,0.8] 
[0,0.9] 
[0,0.4] 
| [0,0.3] 


two super interval fuzzy column matrices. 
Now 


| [0,0.2] 


0 
[0,0.9] 
0 
[0,0.2] 
[0,0.7] 
[0,0.1] 

] 


0. 
0. 
[0,1 


| (0,0.5] 


max {X, Y} =| [0,max {0,0.2}] | = 


| [0, max {0.3,0.2}]] | [0,0.3]] 
[0, max {1,0} ] [0,1] 
[0, max {0.7,0.9+] [0,0.9] 
[0, max {0.1,0}] [0,0.1] 
[0,0.2]}. 

[0, max {0.8,0.7}] [0,0.8] 
[0, max {0.9,0.1}] [0,0.9] 
[0, max {0.4,1}] [0,0.1] 

| [0, max {0.3,0.5}] | | [0,0.5] | 
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Thus max for super interval fuzzy column matrices can be defined. 
Let 


[0,a, ] 
[0,45] 
[0,a;] 
[0,a,] 
[0,5] 
V= [0,a,] 


[0, ay ] 


a, € [0,1]; | <i <n} be the collection of super interval fuzzy column 
matrices. V with max operation is a semigroup defined as the semigroup 
of super interval fuzzy column matrices. 

Now we can define for any a € [0, 1] and for any super interval 
fuzzy column matrix in two ways using max or min principle. We will 
describe it with examples. 

Consider 
[ [0,0.5] 

[0, 0.7] 
[0,1] 


and y = 0.6. To find y x we use now the min principle 


min (yx) = 


Thus we see with min product on a super fuzzy interval column matrix 
the structure is compatible. Now we can use also the product max on 


| [0, min {0.6,0.5}] | 
[0, min {0.6,0.7}] 
[0, min {0.6,1}] 
[0, min {0.6, 03] 
[0, min {0.6, 0.8} ] 
[0, min {0.6,0.7] 
[0, min {0.6, 1} ] 
[0, min {0.6,03] 
[0, min {0.6,0.9}] 
[0, min {0.6,0.3}] 


super fuzzy interval matrix. 


Let 


Let x =0.1 ¢€ [0, 1]. 


F fo. 7 
[0,0.3] 
[0,0.2] 
[0,0.9] 
[0,0.7] 
[0.0.1] 
p= | (0,0.5] |, 
[0,0.8] 
0 
[0,0.5] 
[0,0.6] 
[0,0.7] 
|(0,0.9] 
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[0,min {0.6,0.2}]} | [0,0.2] | 


| [0,0.5] | 


[0,0.6] 
[0,0.6] 
[0,0] 
[0,0.6] 
[0,0.6] |. 
[0,0.6] 
[0,0] 
[0,0.6] 


[0, 0.3] 


[0,1] | 
[0,0.3] 
[0,0.2] 
[0,0.9] 
[0,0.7] 

[0,0.1] 
Max (x, P) = | [0,0.5] |. 
[0,0.8] 
[0,0.1] 
[0,0.5] 
[0,0.6] 
[0,0.7] 
[0,0.9] 


Now we have another operation called product which is compatible. If 
X = ([0,a;] [0,a2] | [0,a3] . . . | [0,a,] . . . [0,a,]) with a; © [0,1]; 1 <i<n} 
and b in [0, 1] then b x X = ([0,ba;] [0,ba2] | ([0,ba3] . . . | ({0,ba,] ... 
([0,ban]); ba; € [0,1]; 1 <i<n. 

Likewise in case of super interval column fuzzy matrix we have for 


| [0,a,] | 
[0,a,] 
[0,a3] 
[0.a4] a 


[0,a, ] 


[10,2 in 1] 


€ [0,1]; | <i<m be a super fuzzy interval column matrix. Let b € 
[0,1], 
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| [0,ba,] ] 
[0, ba, ] 
[0,ba,] 
[0,ba, | 


bY = 


[0, ba, ] 


| [0, ba... ] | 
where ba; € [0,1]; 1 <i < _m. So we can use this product also and thus 
we have three types of products used on these matrices. Now if in a 
super interval row vector X, we take the elements only from the interval 
[0,1] we get X to be a super fuzzy interval row vector. 

We will just illustrate it by an example. Let 


[0,a,] [0,a¢]}[0,a,,] [O,aj6] [0,a.,]} [0,a6] 
[0,a,] [0,a;]][0,a,.] [0,a,7] [0,4 .]| [0,457] 
X=] [0,a;] [0,ag]|[0,a,;] [0,a,3] [0,a3]} [0,456] 
[0,a,] [0,a ]}[0,a,4] [0,a,9] [0,a,4]] [0,a55] 
[0,a5] [0,a)9]) [0,a,5] [0,259] [0,a55]} [0,449] 


where a; € [0,1]; 1 < i < 30 is a super fuzzy interval row vector of 
natural order 5 x 6 but X = (b; | bo | bs) where b;, bz and by are the 
interval fuzzy submatrices of the super interval fuzzy matrix X. 

Now if in the super interval column vector 


[ [0.a,] [0,a,] [0,a,] 
[0,a,] [0,a5]  [0,a¢] 
[0,a,] [0,a,] [0,a,] 
] 
] 


[9,49] [0,a,,] 
Y=/(0,a,,;] [0,a,,] 


[ 

[ 
[9,4;5] [0,a,;] [0,a,5] 

[ 

[ 


[0,aj5] [0,249] 
[0,455] [0,453] 
[[9,a55] [0,25] [0,a,7] | 
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we replace the values a; from the interval [0,1] then we get the super 
fuzzy interval column vector where a; € [0,1]; 1 <i< 27. 
Thus 


Cc, Cc, 
ot 22 
YS c; a c; 
Cy Cy 


where each c; is a fuzzy interval matrix, | <1 < 4. c;’s are the fuzzy 
interval submatrices of the super interval column vector Y. Now having 
seen examples of super fuzzy column interval vector and super fuzzy 
interval row vector we now proceed onto define operations on them. 
Suppose V be a collection of super interval fuzzy row vectors of same 
natural order and same type of partition then on V we can define the min 
operation so that V with the min operation becomes a semigroup, known 
as the fuzzy super interval row vector semigroup with min operation. In 
fact (V, min) is a commutative semigroup. 

Now if on the collection V of super fuzzy interval matrices (row 
vectors) we define the max operation then also V with max operation is 
a semigroup which is commutative we will illustrate this by some 
examples. 


Example 5.1.23: Let 


[0,a,]) [0,a;] [0,a,] [0,a,,] | [0,a,,] [0,a,,] 
= [0,a5]] [0,a,] [0,a,9] [0,a,4] |} [0,a;.] [0,a,5] 
[0,a3]}[0,a;][0,a,,][9,a,5] | [04,5] [0,25] 
[0,44 ]} [0,ag] [0,a,,] [0,a,6] | [0,429] [0,a54] 


a; € [0,1]; U {0}; 1 <i < 24} is a semigroup of super fuzzy interval row 
vector under min operation. 


This same V if max operation is defined then also V is a fuzzy 
semigroup of super interval fuzzy row vectors. Clearly the natural order 
of superinterval matrices in V is 4 x 24 but V = {(b, b bs) } where b;’s 
are interval fuzzy matrices that b; b2 and b, are fuzzy interval 
submatrices of V. 
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Now if 
[0,a;]  [0,a, 
[0,a,] [0,a, 
[0,a,,] [0,a,, 
[0,416] [0,47 
[0,42] [0,2 
[0,a56] [0,a,, 


10,a;] | [0,a,] [0,a,] 
[0,ag] | [0,a,] [0,a,9] 
[0,413] | [0,44] [0,a,5] 
[0,41g] | [0,a;9] [0,a59 ] 
[0,453] | [0,424] [0,55] eam 
[0,4 3] | [0,439] [0,459] 


La. — 


where 1 <i < 1; 1 <i < 30 is a super fuzzy interval matrix of natural 
order 6 x 5. We have b;’s to be the interval fuzzy submatrices of A. 
Thus we can say a super fuzzy interval matrix is a super interval matrix 
in which entries are from [0,1] and submatrices are also fuzzy interval 
matrices. 
We will give one or two examples of them before we proceed to 
give some structures on them. 
Let 
[0,0.3] [0,0.8] | [0,0.5] 0 [0.0.1] 
[0,0.7] [0,1] | [0,0.8] [0,0.9] 0 
[0,0.8] 0 [0, 0.3] 0 [0,0.125] 
0 [0,0.9] | [0,1]  [0,0.4] 9 
[0,1] 0 [0,0.1] 0 [0,0.15] 
[0,0.5] [0,0.7] 0 [0,0.1] 0 


be a super fuzzy interval matrix. 


c;’s are the submatrices of the super fuzzy interval matrix 1 <i<=9. 
Thus 


Gee fae fee 0 i 
Cc, = > C2 = 503 = ’ 
[0,0.7] [0,1] [0,0.8] [0,0.9] [0,0] 
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[0,0.8] [0,0] [0,0.3] 0 
c4=| [0,0] [0,0.9]],cs=] [01]  [0,0.4]|, c7 =({0,0.5] [0, 0.07]), 
[0,1] [0,0] [0.0.1] 0 
[0,0.125] 
cs = (0, [0, 0.1]), co = (0, 0]=(0) andcs=| 0 
[0,0.15] 


are the interval submatrices of V. 


Suppose 
[0, 1] 0 [0,1] [0,0.5] | [0,0.9] 
[0,0.2] [0,1] [0] [0, 0.7 0 
[0, 0.3] 0 [0,0.9] [0,0.92] | [0,0.112] 
[0,0.4] [0,0.1] 0 [0, 0.1] 0 
we 0 [0,0.1] | [0,0.2] 0 [0, 0.01] 


[0,0.5] [0,0.1] | [0,0.7] [0.0.1] 0 
[0.0.6] 0 | [0,0.9] 0 [0, 0.02] 


[0,0.7] [0,0.4] | [0,0.11] [0,0.13] 0 
0 [0,1] |[0,0.15] 0 (0, 0.75] 
[0,0.8] 0 | [0,061] [0,0.7] | [0.0.1 


B, B, B, 
=|B, B; Bg 
B, Bs By 


where B,’s are subinterval fuzzy matrices or fuzzy interval submatrices 
of the super interval fuzzy matrix V. 


Now having seen examples we can as in case of superinterval fuzzy 
row vector define min operation or max operation with scalars from 
[0,1], however we cannot define max or min operation among 
themselves. We can as in case of other super interval matrices define the 
notion of set super fuzzy interval matrices vector space of set fuzzy 
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vector space or set fuzzy interval supervector space which is only a 
matter of routine. Hence we give only examples of these structures. 


Example 5.1.24: Let 
os Ga [0,a3] ay 
[0,a,] [0,a4] [0,aio]) 


({0,a:] | [0, a2]), [0, as] | [0, a4]); a; € [0,1]; 1 <1 < 10}, Visa set fuzzy 
vector space of super interval fuzzy matrices over the set S = {0, 1}. 


[0,as] [0,a;] 
[0,a,] [0,as] 


Example 5.1.25: Let 


((0,a:] | [0, a2] [0, a3] [0, a4] | [0, as] | [0, ac] [0, a7]) | ai € [0,1]; 1 <i< 
7}, be a set fuzzy vector space of super interval fuzzy matrices over the 
set S = {0, 0.02, 0.07, 0, 0.5, 1}. 


Example 5.1.26: Let 


[0,a,} | [0,as]) ([0.a,] [0,a5]) ([0,a,] | [0.a5] 
v= [0,a,] | [0,a,]} | [0,a,] [0,a¢]} | [0,a,] | [0,a,] 
[0,a,] | [0,a,]|'| [0,a;] [0,a,]]° | [0,a5] | [0,a,] |’ 
[0,a,] | [0,ag]) ([0,a,] [0,ag]} [| [0,a,] | [0,a,] 
[0,a,] | [0,a5] 
[0,a,] | [0,a,] 
[0,a;] | [0,a,] 
[0,44] | [0,45] 
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a; € [0,0.6]; 1 < i < 8}, be the collection of super interval fuzzy 
matrices. V is a set fuzzy vector space of super fuzzy interval matrices 
over the set S = {0, %, L}. 


[0,a;] [0,a7] [0,a,] 


Example 5.1.27: Let 
[0,a,] [0,a¢ ] [0,a19] 
[(0,a,]  [0,a,] 


= fia [0,a3] 
[0,a,] [0,a4] 
[0,a,] [0,a,] 


[0,a,] | [0,a,] [0,a;] [0,a,] 
[0,a5] [0,a,] . [0,a, ] [0,a49 ] 
[0,a5] [0,a,, ] 
[0.a6] [0.a,2] 


[0,a,, } 
[0, a1, ] , 


a; € [0,1]; 1 <1 < 12} be a collection of super fuzzy interval matrices. S 
is a set vector of fuzzy super interval matrices over the set T = {0, 1}. 


Example 5.1.28: Let 


[0,0.4] 


[0,0.2] [0,0.4] [0,0.6] | [0,0.8] [0,1] 
0 [0,1] 0 |[0,02] 0 
[0.0.4] 0 [0,0.7]| 0 — [0,0.7] 
[0,0.5] [0,0.4] [0,0.3] | [0,0.4] [0,0.2] 


9) 
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i) 


[0,1] 
[0,0.5] 
07 
[0,0.4] 


|[0,0.7] 


ooolooqo°ocloof 


be a set of super fuzzy interval matrices. Clearly W is a set vector space 
of super fuzzy interval matrices over the set T = {0, 1} under min 
operator. It is pertinent to mention that max product of T over W is not 
defined. 

Now having seen examples of set vector spaces of super fuzzy 
interval matrices we now proceed onto give examples of their 
substructures. 


Example 5.1.29: Let 


[0,as] [0, az] [0, ag] 


[ 
ae [0,a;] 
[0,a,] [0,a] [0,a,,] j [ 


= ee 
[0,a,] [0,a,] [0,a,5] 


[0, a, ] [0, a,] 
[0,a,] [0,a5] 
[0, a, ] [0, ae | 


a; € [0,1]; 1 <i < 12} be the collection of super interval fuzzy matrices; 
V is a set vector of space of super interval fuzzy matrices over the set 
S= {0, 1}. 
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Consider 


[0,a,] 

[0,2] [0,a4] ee 
W=4/[0,a,] [0,a5]|,| °°) || =ai € [0,1]; 

[0.45] [O.a,]) | O24! 

[0,a5] 

[0,a,] 


1 <1< 6} Cc V; Wis a set vector subspace of super fuzzy interval 
matrices of V over the set S = {0, 1}. 


Example 5.1.30: Let 


[0,a,] 
[0,a,] 
[0,a;] 
[0,a,] 
] 
] 


[0,a;] [0,a;] [0,a;] 


V= [0,a; [0,a,] [0,a¢] [0, a. ] 


[0,a, 
[0,a, ] 
[0, ag ] 
[0, a, ] 


[0,a5] a 
[0,a,)] [0,a,,] 


fe 
; [0,a, ] 


a; © [0,1]; 1 <i < 12} be a set vector space of super interval fuzzy 
matrices over the set S = {0, 1}. 
Consider 


w= [0,a,] 
[0,a,] 


a; € [0,1]; 1 <is 12} CV, Wisa set vector subspace of V of super 
interval fuzzy matrices over the set S = {0, 1}. 


[0,a;] [0,a5] [0,a,] 


[0,a,] [0,a,] [0,a,]}[0,a,9] [0,a,,] 


[0,a,] ay 
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Now having seen substructures we now proceed onto define set 
linear algebra of super fuzzy interval matrices or set fuzzy linear algebra 
of super fuzzy interval matrices. 


A set vector space V of super fuzzy interval matrices over the set S 
is defined to be a set linear algebra over the sets if (i) V is closed under 
the binary operation ‘+’ that is an additive abelian group that is for all a, 
b ¢ V;a+b ©€ V(+ is min or max operation only) (11) s -(a+b)=s-a 
+s-b forall a,b € V ands é S, ‘-’ is the min or max operation only. 
This will be illustrated by the following examples. 


Example 5.1.31: Let 


[0,a,] [0,a, ] 
[0,a,] [0,a,] 
[0,a,] [0.a,o] 
V=4{[0,a,] [0,a,,]]] a: € [0,1]; 1 <i< 14} 
[0,a,] [0,a,,] 
[0,a,] [0,a,3] 
[0,a,] [0,a,4] 


be the collection of all super fuzzy interval matrices of same type. V is 
closed under min operation. Choose the set S = {0, 5 ;neN}. Visa 
n 


set linear algebra over the set S. Thus V is a set fuzzy linear algebra of 
super interval column vectors over the set S. 


Example 5.1.32: Let 


[0,a,] [0,a,] [0,a5] 


V=4| [0,a,] | [0,a,] [0,a;] 
[0,a5] [0,as] [0,a,] 
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where a; € [0,1]; 1 <i < 9} be the fuzzy set linear algebra of super fuzzy 


: ‘ 1 
interval matrices over the set S = {0, aA n € N}. Fox x, y € V we have 
n 


the operation to be min {x, y} and for x € V ands e€ S sx = max (s,x) 
carried out in the following way. 
Let 


[0,0.3]| 0 [0,1] 


z= 0 | [0,0.1] [0,0.8] 
[0,0.9] | [0,0.2] [0,0.4] 


and 


[0,1] | [0.0.3] 0 


y=] [0,0.4] | [0,0.2] [0,0.1] 
[0,0.7] | [0,1] 0 
and s=0.3. 


Now 
[0,0.3] 
0 


0 0 
[0,0.1] [0.0.1] 
[0,0.2] 0 


qd) 


x +y = min (x, y) = 


[0,0.7] 


[0,0.3] [0,1] 
[0,0.3] [0,0.8] |; 
[0,0.3] [0,0.4] 


sx = max sx =| [0,0.3] 


[0,0.9] 


[0,1] | [0,0.3] [0,0.3] 


sy = max (s, y) = | [0,0.4] | [0,0.3] [0,0.3] 
[0,0.7] | [0,1]  [0,0.3] 


[0,3] | [0,0.3] [0,0.3] 


min (sx, sy) =| [0,0.3] | [0,0.3] [0,0.3] (2) 
[0,0.7] | [0,0.3] [0.0.3] 
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[0,0.3] | [0,0.3] [0,0.3] 
max (s,x + y) =| [0,0.3] | [0,0.3] [0,0.3] (3) 
[0,0.7] | [0,0.3] [0,0.3] 


2 and 3 are equal. Thus V is a set linear algebra of super fuzzy interval 
matrices over the set S. 


Example 5.1.33: Let 

[0,a,;]  [0,a,] 
[0,a3] [0,a,] 
[0,a,] [0,a] 
[0,a,] [0,a,] 
[0,ag] [0,25] 
[9,419] [0,a,,] 
[0,a;.] [0,a,5] 
[0,a,4] [0,a,5] 


where a; € [0,1]; 1 < i < 15} be a set linear algebra of super fuzzy 
interval matrices over the set S = {[0, 1] that is all elements in [0,1]} 
where on V, + is min operation and for s € S and v e Vsv=min(s, v). 


Example 5.1.34: Let V = {({0,a;] [0, a2] [0, a3] [0, a4] | [0, as] [0, a6] [0, 
a7] | [0, ag] [0, ao]) | a; € [0,1]; 1 <i <9} bea set linear algebra of super 
interval fuzzy row matrices over the set S = [0, 1] = {a; | a; e [0,1]}. The 
operation on V is max operation and for s € S and v € V sv = max (sv). 
That is if x = ([0,0.1] [0,0.2] [0, 0.3] [0,0.7] | [0, 0.1] 0 [0, 0.5] | [0, 
0.1] [0, 0.9]) and y = (0 [0, 1] [0, 0.1] [0, 0.2] | [0, 0.1] [0, 1] 0 | [0, 1] 
0). 
Then 
xy = max (x,y) 
= (0, 0.1] [0, 1] [0, 0.3] [0, 0.7] | [0, 0.1] [0, 1] [0, 0.5] | 
[0, 1] [0, 0.9]). 


Now for s = 0.06 and x € V; 
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0.06-x = max ({0.06.x}) 
= ([0, 0.6] [0, 0.6] [0, 0.6] [0, 0.7] | [0, 0.6] [0, 0.6] 
[0, 0.6] | [0, 0.6] [0, 0.9]). 


We shall say V is a set linear fuzzy algebra with (max, max) operation 
on it. 


Example 5.1.35: Let 


where a; € [0, 1], 1 < i < 8} be a set linear algebra of super fuzzy 
interval matrices with max operation on it over the set S = [0, 1] = {x; | 
x; € [0, 1]} with min operation on it. Thus V is a set linear algebra with 
(max, min) operation on it. 

Thus we have four types of operations of set linear algebra of super 
fuzzy interval matrices, viz, {min, min}, {max, min}, {min, max} and 
{max, max}. We will now proceed onto give substructures in set linear 
algebra of super fuzzy interval matrices. 


The three types of substructures are set linear subalgebra, subset 
linear subalgebra and pseudosubset vector subspace. The definition is a 
matter of routine and hence is left as an exercise to the reader. However 
we will illustrate these three substructures by some examples. 


Example 5.1.36: Let 
[0,a,] [0,a,] 
[0,a5]  [0,a¢] 
[0,a)] [0,ai9] 
[0,a,,] [0,a,5] 


[0,a,] 
[0, a, | 
[0,a,5] 
[9,a,6] 


a; € [0,1]; 1 <1 < 16} be a set linear algebra of super fuzzy interval 
matrices over the set S = [0, 2] = {a | a € [0, 1/2]} under {min, min} 
operation on it. 
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Choose 


[0,a,] [0,a,] [0,a,] 
[0,ag] [0,a;] [0,a; ] 
[0,a,] [0,a,9] [0,a)5 ] 
[0,a,,] [0,a,,] [0,246] 


ai € [0, 4]; 1 <1 < 16} CV; W is a set linear subalgebra of super 
interval fuzzy matrices over the set S = [0, 4] under the {min, min} 
operation on it. 


Example 5.1.37: Let 
O,a 

y {lal 

[0,a,] 

a; € [0,1]; 1 <1 < 12} be a set linear algebra of super fuzzy interval row 


vector over the set S = {a;| a; € [0,1] with (max, max) operation on it. 
Consider 


ais 
[0,a,] 


where a; € [0,1]; 1 <i <8} Cc V isa set linear subalgebra of V of super 
fuzzy interval row vectors over the set S. 


[0,a,;] [0,a5] 


[0,a,] [0,a,] 


[0,a7] [0, a9] 4 
[0,ag] [0,a,;9] [0,a,,] 


[0,a3] [0,1] 
[0,a,] [0,1] 


[0,1] [0,a;] oe 
[0,1] [0,a,] [0,a6] 


Example 5.1.38: Let 

[0,a,] [0,a,] 
[0,a,;] [0,a,] 
[0,a;] [0,a,] 
[0,a,] [0,a,] 
[0,a)] [0,a,9] 
[0,a,,] [0,a4] 
[0,a,;] [0,a,4] 
[0,a,5] [0,a,6] 
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a; € [0,1]; 1 <i < 16} be a set linear algebra of super interval fuzzy 
column vectors over the set S = {0, 1} with {min, min} operation on V. 


Consider 
[0,a, ] 0 
0 [0,a, | 
[0,a; ] 0 
_ 0 [0,a, | 
St 9 0 
[0,a5] [0,a¢] 
0 0 
0 0 


a; € [0,1]; 1 <i < 6} Cc V; is a set linear subalgebra of super fuzzy 
interval column vectors of V over the set S. 


Example 5.1.39: Let 


[0,a, | [0,a; ] 

_ [0,a;] [0,a¢] 
oe [0,4] [0,25] 
[0,ai9] | [0,a,,] [0,a,,] 


where a; € [0,1]; 1 <1 < 12} be a set interval linear algebra with {min, 
max} operation on the set S = {0, 1}. 
Consider 


[0,a,] [0,a,] 


W [0,a,]]) [0,1] [0,a,] 
0 [0, as ] [0, a, ] 
[O,as]}}| O — [0,1] 


a; € [0,1]; 1 <1 < 12} CV; Wis a set interval linear subalgebra of V 
with {min, max} on the set S = {0, 1}. 


Now we will give examples of pseudo set vector space of super 
interval fuzzy matrices. 
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Example 5.1.40: Let 


[0,a,] [0,a;] 


[0,a,] [0,a5] 


where a; € [0,1]; 1 < i < 9} be a set linear algebra of super square 
interval fuzzy matrices over the set S = {0, 1}. 
Consider 


(0, ] 


[0,a,]\ ([0,a,] 


0<a <1,1=1, 2,3, 4} CV; W 1s easily verified to be only a pseudo 
set vector subspace of super fuzzy interval matrices over the set {0, 1}. 
We can have several such pseudo set vector subspaces of V. 


Example 5.1.41: Let 
ye [0,a, | 

[0,a5] 

[ [0,a,] 
[0,a,] [0,a,] [0,a,] [0,a5] 
[0,a,] ? [0,a,] [0,a; ] [0,a¢] 


[0.a,] [0,a7] [0,ag] [0,a,] 
L[0,a5] | 


[0,a5] 


[0,a : ([0,a:] [0,a2] [0,as] | [0,a4] [0,as]), 


a € [0,1]; 1 < i < 9} be a set vector space of super interval fuzzy 
matrices over the set S = {0, 1}. It is clear that a set vector space in 
general is not a set linear algebra but every set linear algebra is a set 
vector space from the example 5.1.29. 
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Now we proceed onto define semigroup vector space of super 
interval fuzzy matrices over a semigroup. 


DEFINITION 5.1.6: Let V be the collection of all super interval fuzzy 
matrices and S a semigroup such that V is a semigroup vector space 
over the semigroup S. We call V a semigroup fuzzy set vector space of 
super interval fuzzy matrices over the semigroup S. 

i) sv €Vforally eVands ES 

ii) 0-V=0 €Vforally eVand0 eS. 

iii) (s; + 8x) v= s)v + sv forallvy © Vand s), 52 €S. 


We will illustrate this situation by some examples. 


Example 5.1.42: Let 


[0,a;] 
[0,a,] 
[0, a; ] 
V= 4{[0,a,]], 
[0,a5] 
[0,a¢] 
[0,a,] | 


([0,a1] [0,42] [0,43] | [0,44] | [0,45] [0,a6]), 


[0,a, ] [0,a;] [0,a,] 
[0,a,] [0,a;] [0,a¢] 


a; € [0,1]; 1 <1 < 7} be the semigroup of vector space of super interval 
fuzzy matrices over the semigroup S = {a; | ai € [0,1], with min 
operation on it}. 


Example 5.1.43: Let 
[0,a,] | [0,a,] [0,a,] 
V= 4} [0,43] | [0,a5] [0,a,]], 
[0,a,] | [0,a,] [0,a,] 
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[0,a,]][0,a5] [0,a,]][0,a,3] [0,a,7] [0,a)] 
[0,a,]}[0,a¢] [0,ajo])[0,a,4] [0,a)3] [0,455] 
[0,a3]}[0.a7] [0.a),]}[0.a,5] [O,aj9] [0,a.3] | 
[0,a,]|[0,ag] [0,4,.]] [9,446] [0,459] [0,454] 


| [0,a,] [0a] | 
[0,a,] [0,a,] 
[0,as] [0,a¢] 
[0,a,]  [0,ag] 
[0,a,] [O,a,9] 

[0.a;1] [0,24] | 


ai € [0,1]; 1 < i < 24} be a semigroup fuzzy vector space over the 
semigroup S = {a; € [0,1] with min operation on it} be the collection of 
all super interval fuzzy matrices. 


Example 5.1.44: Let V = {((0,a;] [0,a2] [0,a3] | [0,a4] [0,as]), ([0,a1] 
[0,a2] [0,a2] [0,a3] | [0,a4] [0,a5]), ([0,a:] [0,a2] [0,a3] [0,a4] | (0,as]), 
([0,a:] | [0,a2] | [0,a3] | [0,a4] | [0,a5]), ([0,a:] | [0,a2] [0,a3] [0,a4] | [0,as]), 
((0,a:]) | [0,a2] [0,43] [0,a4] [0,as]) | ai © [0,1]; 1 < i < 5} be the 
semigroup vector space of super interval fuzzy matrices with entries 
from [0,1] over the semigroup S = {a;| a; € [0,1]} with max operation 
on it. 


Now having seen examples of semigroup vector spaces of super fuzzy 
interval matrices are now proceed onto define semigroup vector 
subspaces of super fuzzy interval matrices. 


DEFINITION 5.1.7: Let V be a semigroup vector space of super interval 
matrices over the fuzzy semigroup S. Let W < V (W a proper subset of 
V). If W itself is a semigroup vector space of super interval matrices 
over the semigroup S then we define W to be the semigroup vector 
subspace of V over the semigroup S. 


We will illustrate this situation by an example. 
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Example 5.1.45: Let V == {({0,a;] [0,a2] | [0,a3] ... [0,as] | [0,a0]), 


| [0,a,] 

[0,a, | 
[0, a, | [0, a; ] 
aa [0,a,] 
[0,5] 
| L0,a6] 


ce 
[0, a,] 


a, € [0,1]; 1 < i < 9} be a semigroup vector space of super interval 
matrices over the semigroup S = {aj| a; © [0,1]}. Consider W = {([0,a;] 


[0,a2]| [0,a3] ... [0,as] | [0,a0]), 


| [0,a,] 
[0,a;] 
[0,a,] 
[0,45] 

| L0, ag] 


a; € [0,1]; 1 <1 <9} CV, W is a semigroup vector subspace of V over 
the semigroup S. 


Example 5.1.46: Let 
[0,a, [0,a, ] 
[0,a,] [0,a,] 
[0,a;] [0,a,] 
V= 4] [0,a,] [0,a,] |, 


[0,a5] [0,ai9] 
[0,a,,] [0,a,, ] 
[0,a;;] [0,a,4] 
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[0,a,] [0,a9] 


ae [0,a5] [0,a5] 
[0,a,] [0,a,9] 


[0,a,][0,a4][0,a6] 


[0,a,,] el 
[0,a,,][0,a,,] 


a; © [0,1]; 1 <i < 14} be a semigroup vector space of super interval 
fuzzy matrices over the semigroup S = {a; | aj € [0,1]} under minimum 
operation. Consider 


[[0,a,]  [0,a9] 
[0,a,] [0,a,] 
[0,a;] [0,a,] 
W= 4) [0,a,] [0,a,] || a ¢ [0,1]; 1<1< 14} cV, 
[0,a,] [0,a,9] 
[0,a,,] [0,a)5] 
1[0,a;3] [0,44] 


W is a semigroup vector subspace of V over the semigroup S. 


Example 5.1.47: Let V = {([0,a:] [0,a2] | [0,a3] ... [O,a10] | [0,a11] [0,a12] 
[0,a13]), ({0,a1] [0,42] [0,a3] | [0,a4] ... [0,411] | [0,412] [0,413]), [0,a1] | 
[0,a2]. . . [0,a;2] | [0,ai3]) | ai © [0,1]; 1 <i < 13} be a semigroup vector 
space of super interval fuzzy row matrices over the semigroup S = {a; € 
[0,1]; under max operation}. Consider W = {({0,a;] [0,a2] | [0,a3] ... 
[0,a10] | [0,a11] [0,a:2] [0,ai3]), ((0,a1] | [0,a2] ... [0,ai2] | [0,a13]) | ai € 
[0,1]; 1 <i < 13} CV, W is a semigroup vector subspace of V over the 
semigroup S. 


Now having seen semigroup vector subspaces we now proceed onto 
define subsemigroup vector subspace of a semigroup vector over S. 


DEFINITION 5.1.8: Let V be a semigroup vector space of super fuzzy 
interval matrices over the fuzzy semigroup S. Let W < V be a proper 
subset of V and H a proper fuzzy subsemigroup of S. Suppose W is a 
semigroup vector space over the semigroup H then we define W to be a 
subsemigroup super fuzzy subvector space of V over the subsemigroup 
A ofS. If V has no subsemigroup subvector space then we call V to be a 
pseudo simple super fuzzy semigroup vector subspace of V. 
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We will illustrate this situation by some simple examples. 


Example 5.1.48: Let 


| [0,a,] [0,a5] 
[0,a,] [0,a,] 
[0.a5] [0,a,] 
ya 4] Dard Btel) J [0,20] [0,03] | [0,04] [0,as] | [0,06]) | 
[0,a, ] [0,a19] 
[0,a,,] [0,a,,] 
[0,a,3] [0,a,4] 
[0.215] [0,a,6]| 


a € [0,1]; 1 <i < 16} be a semigroup vector space of super fuzzy 
interval matrices over the semigroup S = {a; | a; € [0,1] under min 
operation}. Let W = {([0,a1] [0,a2] [0,a3] | [0,a4] [0,a5] | [0,a6]) | ai € 
[0,1] < V be a proper subset of V and H = {a; | a; € [0, 4]} CS bea 
fuzzy subsemigroup of S under min operation. W is a subsemigroup 
vector subspace of V over the subsemigroup H of S. 


Example 5.1.49: Let 


 ({0,a:] [0,a2] | [0,a3] [0,a4] [0,as] | [0,a6]) | ai < [0,1]; 


1 <i< 7} be a semigroup vector space of super fuzzy interval matrices 
over the fuzzy semigroup S = {a; € [0,1] | min operation}. 
Consider 
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[ [0,a,] | 
[0,a, ] 
W =5| [0,a,] 
[0,a5] 
[0. a, ] 
[[0,a,] | 


a, € [0,1]; 1 <i<7} CV; 


and H = {a; | a; © [0, 1/3] | min operation} c S. W is a subsemigroup 
vector subspace of V over the subsemigroup H of S. 


Example 5.1.50: Let V = {({0,a1] | [0,a2] [0,a3] ... [0,ag] | [0,a9] [0,a10]) | 
a, € [0,1]; 1 <1< 10} be a semigroup vector space over the semigroup S 
= {0,1} under product. Clearly V is a pseudo simple semigroup vector 
space over the semigroup S. 


Now we can define semigroup linear algebra of super fuzzy interval 
matrices over the semigroup S. 


DEFINITION 5.1.9: Let V be a semigroup vector space of super interval 
fuzzy matrices over the semigroup S. If V itself is a semigroup closed 
under binary operation under and has the additive identity then we 
define V to be a semigroup linear algebra of super fuzzy interval 
matrices over the semigroup S. 


We will illustrate this by some examples. 


Example 5.1.51: Let 
[0,a,] | [0,a,] [0,a5] 
[0,a,] | [0,a,] [0,a] 
[0.45] ) [0,49] [0,a.9] | 
[0,a,] | [0,a,,] [0,a,,] 


where a; € [0,1]; 1 <i < 12} be a semigroup linear algebra of super 
interval fuzzy matrices over the semigroup [0,1] under min operation. 


241 


Example 5.1.52: Let 


[0,a,] [0,a3] 


[0,a,] | [0,a¢] 
[0, as] [0,a.] 


[0,a,] 
[0, a, ] 


a, € [0,1] where | <1 < 9} be a semigroup linear algebra of super 
interval matrices over the semigroup S = {0,1} under min operation. 


Now the definition of substructures can be taken as a matter of 
routine by the reader. We however supply some examples. 


Example 5.1.53: Let 


where a; € [0,1]; 1 < i < 14} be the semigroup linear algebra over the 
semigroup S = {0,1} under product of super fuzzy interval column 


vectors. Choose 


ai € [0,1/2]; 1 <1 < 14} Cc V is the semigroup linear subalgebra of V 


over the semigroup S. 


[0,a,] 


0,a,] 
0,a; | 


[0,a,] 


[0,a, ] 
[0,a,] 


[ 
[ 
[0,a; ] 
[0,a, ] 


[0, a, | 


[0, a ] 
[0, a1] 
[0,a,,] 


[0,a, ] 
[0, a5] 


[0,a,,] 
[0,a,5] 


[0,a, ] 


[0,a,] 


[0, a5] 
[0, a ] 
[0, a9] 
[0,a,,] 
[0,a,3] 
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[0, a] 
[0, ag] 
[0,410] 
[0,a,,] 
[0,a,4] 


Example 5.1.54: Let 
[0,a,] [0,a,]|[0,a,] [9,a;o] [0,a,;]/[0,a,; ] 
V=4/[0,a,] [0,a5]}[0,ag] [0,a,,] [0,a,4]}[0,a;¢] 
[0,a,;] [0,a,]}[0,a,] [0,a,,] [0,a,,]|[0,a,,] 


ai € [0,1]; | <i < 16} be a semigroup linear algebra of super fuzzy row 
interval vectors over the semigroup S = {0, 1} under multiplication. 
Consider 


[0,a,] 0 [0, a, ] 0 [0,a,] [0, aio] 
W=4|[0,a,] O|[0,a;] 0 [0,a,]|[0,a,,] 
[0,a,] O|[0,a,] 0 [0,a,]][0,a,, ] 


a; € [0,1]; 1 <1 < 12} C V; W is a semigroup linear subalgebra of the 
super row fuzzy interval vector over the semigroup S = {0, I}. 

Now we will proceed onto describe subsemigroup linear subalgebra 
of a semigroup linear subalgebra of a semigroup linear algebra of super 
interval fuzzy matrices over the semigroup S. 


Example 5.1.55: Let 

[0,a,] 
[0,a, ] 
[0,a, ] 
[0,a,] 
[0,a;] 
[0, a, ] 
V=+35| [0,a,] 
[0, ay | 
[0, a ] 
[0,a,, | 
[0,a,; ] 
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where a; € [0,1]; 1 < i < 13} be a semigroup super linear algebra of 
super fuzzy interval column matrix under min operation over the 
semigroup S = {a;| a; € [0, 1]} under min operation. 

Consider 


[0,a,] 


a; € [0,1]; | <i< 7} c V isa subsemigroup super linear subalgebra of V 
over the subsemigroup P = {a;| a; € [0, %] cS under min operation. 

If a semigroup linear algebra of super interval fuzzy matrices does 
not contain any proper subsemigroup linear subalgebra then we define V 
to be a pseudo simple semigroup super linear algebra. We will illustrate 
this situation by a example. 


Example 5.1.56: Let 
[0,a,] | [0,a, 
[0,a;] | [0,a, 
[0,a5] | [0.a, 
[0,a;] | [0,as] 


where a e€ [0,1]; | < 1 < 8} be a semigroup linear algebra of super 
interval fuzzy matrices over the semigroup S = {0, 1} under 
multiplication. V is a pseudo simple semigroup linear algebra. 


] 
| 
] 
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Now as in case of semigroup linear algebra of super fuzzy interval 
matrices we can define semigroup linear transformation and semigroup 
linear operation. This task is also left as an exercise to the reader. Other 
related results can also be derived as in case of other semigroup linear 
algebras. The notion of direct sum and pseudo direct sum is also direct 
and the reader is expected to study these structures. 


Example 5.1.57: Let 


0,a,]|| a [0.1]; 1<i<7} 


be a group vector space over the fuzzy group G. That is for every (1) g 
e Gandv € Vg, vand vg € V. (2) for yi, v2 € V and g € G g(v; + vo) 
= gv, + gvo, Gcan be a fuzzy group under min or max operation. 


Example 5.1.58: Let 


vf 
[0,a,] 


[0, a, ] 
[0,a, ] 
[0, a, ] 
[0,a,]}, 
[0, a5] 
[0a] 
| [0,a,] | 


[0,a, ] [0,a,] [0,a; ] 
(({0,a1] [0,a2] [0,as], [0,a, ] [0,a; ] [0,ag] 


[0,a ] a 
[0,a,] [0,a,] ; 


[0,43] ] [0,a¢] [0,a] 


a € [0,1]; 1 <1<9} be a group vector space over the fuzzy group G. 
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We can define the concepts of group vector subspaces and subgroup 
vector subspaces which is a matter of routine we can also derive all 
interesting properties in case of group vector space of super fuzzy 
interval matrices over a fuzzy group. Also the concept of group linear 
algebra can be studied. Notions of group linear transformation and 
group linear operator can be defined and described. However problems 
are given for the interested reader in the last chapter of this book. 


5.2 Special Fuzzy Linear Algebras Using 
Super Fuzzy Interval matrices 


In this section we for the first time we introduce the notion of 
special fuzzy linear algebra of super interval matrices. 


DEFINITION 5.2.1: Let V be a set vector space of super interval 
matrices A with entries from Z’ U {0} or R’ U {0} or O' VU {0} or Z, 
over a set S <Z {0} or RU {0} or O° U/ {0} or Z,. 

Let yn: V > [0,1] such that n(A) + (to be a super fuzzy interval 
matrix) and n(s) = t € [0,1] for alls € S. Then we define V,, or (V,n) to 
be the special set fuzzy vector space of super fuzzy interval matrices or 
fuzzy special set vector space of super fuzzy interval matrices. 


We will illustrate this situation by some examples. 


Example 5.2.1: Let V be a set super vector space over the set S, where 


({0,a;] [0,a2] [0,a3] | [0,a4] [0,as]) | aj © Z” U {0}; 1 <i < 6} over the set 
S= {0,1}. 
Define n: V > [0,1] and yn : S > [0,1] as follows. 
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if a; # 0 then ny (a;) = 1/a; if. a; = 0 then y (a))=1, y (0) = 0 and (1) = 1. It 
is easily verified (V, n) is a special fuzzy set super linear algebra 
provided ny defined so is such that n(av) = n(@) nv) for all a € S andv 
eV. 


Example 5.2.2: Let 


[0,a,] [0,a,] | [0,a;] 
= [0, ay] [0,a5] [0, a, ] 
[0,a,] [0,a,] | [0,a,] 
[0,49] [9,a,,] | [0,a,>] 


where a; € Z’ U {0}; 1 <i < 12} bea set super linear algebra defined 
over the set S = {Z” U {03}. Define n: V > [0,1] and n : S > [0,1] 


(A) = 


where 
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ee 
n(ai) = 4 
1 if a, =0 


It is easily verified n(V) is a special set fuzzy super linear algebra under 
the operation min or max. 


Example 5.2.3: Let 


[0,a,] 
[0,a,] 
V= 5|[0,a3] |], 
[0,a,] 
| [0,45] | 
({0,a1] [0,a2] | [0,a3] [0,a4] [0,as]) | aj € Z° U {03} be a set vector space 


over the set S= Z" U {0}. Define 


ee 
n(x) = 4 x 
lifx=0 forxeZ 


1(V) becomes a special set fuzzy super vector space over the fuzzy set 
1(S). 


Likewise if V is semigroup vector space of super interval matrices 
with entries from the semigroup S, then we define n(V) or (V, n) as the 
special map on V and S such that n(V) is the set of all super interval 
fuzzy matrices and 7(S) is the special fuzzy semigroup, that is it 
contains elements from [0,1] with min or max or product operation on it. 
We define n(V) or (V, 1) as the special fuzzy semigroup of super vector 
space over the special fuzzy semigroup S. 


We will describe this situation by some examples. 
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Example 5.2.4: Let 


| [0,a,] | [0,a,] 
[0,a;] | [0,a,] 

V=4| [0,a5] | [O.a.] |, 
[0,a;] | [0,as] 
| [0,49] | [0,ai0] 


([0,a:] [0,a2] | [0,a3] [0,a4] [0,as]) | [0,a6] | [0,a7] | ai ¢ Z" U {0}} bea 
semigroup vector space of super interval matrices over the semigroup S. 
Let 


“ for alla ce Z* 
n(a)=4 a ‘ 
1 for 0 


With this definition of 7; n(V) is the collection of super interval fuzzy 
matrices with entries from the fuzzy semigroup 1n(S). Thus n(V) is the 
special fuzzy interval matrix semigroup vector space over the fuzzy 
semigroup 1(S). 


Example 5.2.5: Let 


[ [0,a,] | [0,a,] [0,a,] | 

[0,a,] | [0,as]  [0,a¢] 

V= 9 [9,87] | [9,410] [0,a,,] 
[0,a,] | [0,a,,] [0,a,,] 

| [0,a5] | [0,a,4] [0,a,5] | 

{0,a,] [0,a;] | [0,a,] [0,a,,] [0,a,7] 
[0,a,] [0,a,]} [0,ag] [0,a,4] [0,a,.] 
[0,a;] [0,a,] |[0,a,9] [9,a;5] [0,a,0] 
[0,a,] [0,a,,]}[0,a,,] [0,a,,] [0,a55] 
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] 
[0,a] || ae ZU {0}; 1 <i< 24} 
] 


a semigroup vector space of super interval matrices over the semigroup 
S=Q" vu {0}. Define 


Ligeia 
3 

1 + + 
n(x) = ee \Z. 


1 ifx=0 


Clearly n(V) is the set of all special fuzzy interval super matrices or 
super interval matrices with entries from [0,1]. Further n(S) is a special 
fuzzy semigorup. Thus {n(V), n(S)} is the special fuzzy semigroup 
super matrix interval vector space over the fuzzy semigroup n(S). Now 
in a similar way we can define the notion of special fuzzy group vector 
space over a special fuzzy group using the notion of group vector space 
of super interval matrices over the group G. This is left as an exercise to 
the reader. Further we can define using set linear algebra of super 
interval matrices over the set S special fuzzy set super matrix interval 
linear algebra over the fuzzy set n(S). 

Definition and study of fuzzy substructure is also a matter of routine 
interested reader can do this job and illustrate these concepts with 
examples. 
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Now if we have n(V) and n(W) to be two special fuzzy set super 
matrix interval vector spaces over the same fuzzy set n(S) we can define 
fuzzy set linear transformation n(V) to n(W). 

Similar study can be carried out in case of special fuzzy semigroup 
vector spaces and special fuzzy group vector spaces when the structures 
are defined over the same fuzzy special semigroup and fuzzy special 
group respectively. 

When the range space coincides with the domain space in all the 
three cases we can get the corresponding fuzzy set linear operator super 
matrix interval of vector spaces / special fuzzy semigroup linear 
operator of super matrix interval vector spaces or special fuzzy group 
linear operator of super matrix interval vector spaces defined over a 
special fuzzy set / fuzzy special semigroup / special fuzzy group 
respectively. 


For more about such type of usual spaces and their fuzzy analogue refer 
[38, 46-7, 49, 52]. 


Thus one can keep this is mind and define these fuzzy structures. 

If1(Z* U {0}) = §[0,a] |a € ZU {0}} =all integer intervals of this 
special type we can get the fuzzy analogue 

n: (ZU {04) > 1 ((0,1]) where I ({0,1]) = {[0,a] | ae [0,1]} is the 
collection of all fuzzy intervals of the special form [0,a]; a € [0,1]. 7 : I 
(QU §03) > I (f0,1]) or n : 1 (R* U {03) > I ({0,1] gives fuzzy 
intervals and we can define min or max or product and make them 
special fuzzy semigroups. 


We will illustrate this situation by one or two examples. 


Example 5.2.6: Let 


[0, a, ] [0, a,] 
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where a; € Z12 ; 1 <i < 6} be a group linear algebra over the group G = 
Z2 under addition modulo 12. 


Define for every A © V, n(A) a fuzzy interval super matrix where 
1(A) has its entries from I([0,1]) such that 


n (A+B) 2 min {n(A), n(B)} 


(that is for every n([0,ai], [0,b;]) = min {1([0,ai]), n([0,b;])) where [0,a;] 
is an entry in A and [0,b;] is an entry in B) to be more exact. 


[0, a, ] 
n{| [0,43] 
[0, a5] 


[0,a,] [0,b, ] 
[0,a,] |, | [0,b;] | [0,b,] | | 2 
[0,a,] [0, bs ] [0, b, | 


and 


N(rtA) = n(r) n(A) where n(r) = I/r, r € Zy2 \ {0} n(O) = 1; for all A, B € 
V andr € G. V7 is the special fuzzy group linear algebra. 
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Example 5.2.7: Let 

[0,a, 1] 
[0,a, ] 
[0,a;] 
[0,a,] 
[0,a5] 
[0,a6] | 


({0,a:] [0,a2] [0,a3] | [0,a4] | [0,as] [0,a6]) | ai € Zoo} be a group vector 
space of super interval matrices over the group G = Zp. 


Define 


n(A) = 


if a, #0, 1 <i <6 ifa;=0 replace by 1. 


n(B) = [. , | [0 : | [2 . | 
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if a, #0; 1 <i< 6 ifaj = 0 replace by 1. n(rA) > n(A) for all r € Zr. 


YN: Z29 =-> [0,1] 
is such that 


en 

na) = 45 
—ifa=0 
4 


Thus Vn is a special group fuzzy vector space of fuzzy super interval 
matrices over the fuzzy group n(Z20). 
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Chapter Six 


APPLICATION OF SUPER INTERVAL 
MATRICES AND SET LINEAR 
ALGEBRAS BUILT USING 

SUPER INTERVAL MATRICES 


Super interval matrices are obtained by replacing the entries in super 
matrices by intervals of the form [0, a] where a € Z, or Z’ U {0} or Q* 
U {0} or R® U {0}. Also it can equally be realized as usual interval 
matrices which are partitioned in different ways to get different types of 
super interval matrices. Thus given any m x n super interval matrix M 
by partitioning M we can get several m x n super interval matrices. Also 
for each type of partition we have a collection and that collection can 
have nice algebraic structure. So in the place of one algebraic structure 
we get several of them with same natural order which is not possible in 
usual interval matrices. Hence in applying them to fields like 
mathematical / fuzzy modeling and in finite element methods using 
intervals one can get better results saving economy and time. Further 
when in super interval matrices if we replace the real intervals by fuzzy 
intervals we get super fuzzy interval matrices which can find its 
application in all problems where fuzzy interval solution is expected. 
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Certainly these new structures will be a boon to finite interval 
analysis were usual interval matrices can be replaced by super interval 
matrices and the results can be accurate time saving and the expert can 
experiment with different partitions of the interval matrix to obtain the 
expected or the best solution. 
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Chapter Seven 


SUGGESTED PROBLEMS 


In this chapter we suggest around 110 problems. Some problems are 
simple, some difficult and some can be treated as a research problem. 
These problems will certainly help the reader in understanding the 
concepts mentioned in the book. 


Obtain some interesting properties enjoyed by super interval column 
vectors. 


How many types of super interval row vectors can be got from X = 
{({0,0] [0,a2] [0.43] ... [0, aio]) | ai © Zio}? 


Prove the types of super interval column vector got from 
[0,a, ] 


[0, a5 ] 
Y =4| [0,a,] || a, € Z,,; 1<1<10; and X in (2) are isomorphic. 


L[9, 410] 
Find the number of super interval matrix got from the interval 
matrix 


257 


[0,a,] [0,a,] [0,a;] [0,a4]  [0,as] | 
[0,a¢] [0,a7] [0,ag] [0,45] [0,a9] 
A=|[0,a,,] [0,a),] [0,a,,] [0,a,,] [0,a,5] 
19,446] [9,417] [0,a,4] [0,459] [0,a2;] 
[0.455] [0,423] [0,424] [0,455] [0,a56] | 


Hence or otherwise obtain the number of super matrices obtained 
from any n x n interval matrix. 


Find the order of the X; where X = {([0, a;] [0,a2] [0,a3] | [0,a4] 
[0,as]) | ai € Zio; 1 Si<5}. 

(a) Is X a group under interval row matrix addition? 

(b) Is X a group under multiplication? 

(c) Can X have S-subsemigroups if X is taken under 
multiplication? 


/ [0, a,] 

[0, a,] 

[0,a, ] 

[0, a4] 

[0,a5] 
[[0,a,] 

interval column vectors of the same type. 

(a) Is P a group? 

(b) What is the order of P? 

(c) How many types of super interval column vector groups can be 

got using the interval column matrix 


[0,a,] 
[0,a,] 
[0,a] 9 
[0,a4] 
[0,a5] 
[0,46] | 


Let P= 


a, € Z,); 15156 / be the collection of all super 
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10. 


11. 


(0,a,] [0,a5] | [O,ag] [0,a)] [0,a;9] 
Let B= 5| [0,a,] [0,a,] | [0,a,,] [0,a,,] [0,a,5] |} a; ¢Z,5; 1<i<15> be 
[0,a,] [O,a;4] | [0,a,4] [0,a;5] [0,a,7] 
the super interval row vector of the same type. 
(a) Prove B is a group under addition. 
(b) What is the order of B? 
(c) Can B have subgroups? 
(d) How many types of super interval row vectors can be got using 
[0,a,] [0,a,] [0,a;] [0,a,] [0,a5] 
the interval matrix X =| [0,a,] [0,a,] [0,ag] [0,a,] [0,a,o] 
[0,a;;] [0,a,.] [0,a,3] [0,a,,] [0,a,5] 
where a; € Zj5; 1 <i< 15. 


Give an example of a Smarandache super interval row semigroup. 


Does there exists a S-semigroup of super interval row semigroup of 
order 27? 


Let S = {(a; a2 a3 | ag as a a7 | ag) | ai Ee ZU {0} ; 1 <i < 8} be the 
collection of all super row matrices of the same type 

(a) Prove S is a semigroup under super row matrix addition 

(b) Can S have subsemigroups? 

(c) Is Sa Smarandache semigroup? 


Let S = {({0, a;] | [0, a2] [0, as] | [0, a4] [0, as] [0, ac] [0, a7]) ai € Z” 
U {0}; 1 <i < 7} be a semivector space of super row interval 
matrices defined over the semifield S = Z* U {0}. 

(a) Find a basis of V. 


(b) Find a linearly independent subset of V with cardinality 12. 
(c) Find a semivector subspace of V. 
(d) Find a linearly dependent subset of V of order 4. 


(e) Can V be a semilinear algebra of super interval row 
matrices over S? 
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[ (9,a,] | [0,a,] [0,a5] | 
[0,a,] [0,a;] [0,a, ] 
[ 


0, 0, 0, : 
Let V = lO,ar] as] [0a] where a, € ZU {0}; 1 <i< 
[0,ai9] | [0,a,,] [0,a,,] 
[0,a,5] [0,a,4] [0,a,5] 


[[9,a,6] | [0,a;;] [0,ajs] | 
7} be a semivector space of super interval matrices over the 
semifield T = Z U {0} of type I. 
(a) Find a basis B of V. 
(b) Prove there can be linearly independent subsets of V whose 
cardinality exceeds the cardinality of the basis B of V. 
(c) Prove V can have infinite number of semivector subspaces of 
type I over T. 
(d) Define a linear operator on V. 
(e) Can V be made into a semilinear algebra of type I over T? 


Obtain some interesting properties enjoyed by the semivector space 
of super interval square matrices of type I over a semifield S. 


Find the difference between type I and type II semivector spaces. 


Prove in general semiring of interval super matrices are not 
semifields. 


Obtain a necessary and sufficient condition for a super interval 
semiring to be a semifield. 


Determine some important and interesting features enjoyed by 
semifield of super interval matrices. 


Let S = {((0, ai] [0,a2] | [0,a3] | [0,a4] [0,as] [0,a6] [0,a7]) | ai € Z°, 1 


<i<7}U {00|0|0000)}. Is S a semifield? 
(Product in S is defined component wise). 
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19. 


20. 


21. 


22. 


23. 


24. 


Dy 


[0,a] | [0,b] 0 
Let S= 

[0,b] | [0,c] 0 
semifield? Can S be a strict semiring? What is the possible algebraic 
structure enjoyed by S? 


0 
bee o[ 5): Can every S be a 


Give an example of a semivector space of super interval matrices of 
type I over a semifield which has exactly 4 elements in its basis B. 


What is the advantage of using semivector spaces of super interval 
matrices in the place of vector space of super matrices? 


Give some applications of semivector space of super interval 
matrices over the semifield S of type I. 


Give an example of a semivector space of super interval matrices of 
type I which has infinite basis. 


Does there exist a semi vector space of super interval matrices of 
type I with finite number of elements in it? 


Let V = {({0, a1] | [0,a2] [0,a3] | [0,24] [0,as] [0,26] [0,a7] [0,as] [0,a0]) 
| aj € Z’ U {0} 1 <i < 9} be a semivector space of super interval 
row matrices of type I over S=Z UV {0} and 


(0,a,] [0,a,] [0,a,]  [0,a4] | 
[0,a;] [0,a,] [0,a,] [0,a,] 

[0,a,] [0,a5] [0,a,,] [0,a,,] 

[0,4;3] [0,a;4] [0,45] [0,416] 

W = $|[9,a,7] [0,a:5] [9,a;5] [0,459] a € ZU {0}; 1 <is 

[0,a5,] [0,a5] [0,a,;] [0,a4] 

] 

] 

] 


[0,a55] [0,a55] [9,42] [0,45] 
[0,455] [0,439] [0,a3,] [0,a5. ] 


[0,a;3] [0,a,,] [0,a35] [0,236] | 


36} be a semivector space of super interval column vectors of type I 
over the semifield S = Z* U{0}. 
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26. 


27. 


(a) Determine two distinct linear transformations from V to W. 

(b) Find a linear transformation T : W > V so that T is invertible. 
(c) Suppose F = {set of all linear transformations from V to W}; 
what can be the algebraic structure enjoyed by F? 


[ [0,a,] [0,a,] | [0,a;]  [0,a,] 
[0,a;] [0,a,] | [0,a,] [0,a,] 
[0,a)] [0,a,9] | [0,a,,] [0,a,,] 
[0,4,3] [0,a,4] | [0,a,5] [0,a,6] 
Let V = 4| [0,a,7] [0,a;9] | [0,a,0] [0,459] | where a, € Z” U {0}; 
[0,a5,] [0,455] | [0,a,;] [0,454] 

] 

] 


[0.a,5] [0,a,¢] | [0,a57] [O.ar.] 
[0,a,] [0,439] | [0,a;,] [0,a,,] 
[0,433] [0,434] | [0,455] [0,456] 
1 <1 < 36} be a semivector space of super interval matrices of type I 
over the semifield S = Z* U {0}. 
(a) Find three different linear operators on S. 


(b) What is the algebraic structure enjoyed by the set of all linear 
operators on V? 


| [0,a,] 
[0,a,] 
[0,a;] 
Let V= 4|[0,a,]|| ai ¢ Q’ U {0} 1 <i <7} be a semivector space 
[0,a,] 
[0,a,] 
[10,4] } 


over the semifield S = Z’ U {0} of super interval column matrices 


[0,a,] | [0,a,] | [0,a5] 


of type I. Let W = aeZ uy} 1si 
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28. 


29. 


30. 


31. 


< 7} be a semivector space of super interval matrices of type I over 
the semifield S = Z* U {0}. 

(a) Find a linear transformation from V to W? 

(b) What is the structure enjoyed by the collection of all linear 
transformations from V to W? 

(c) What is the algebraic structure satisfied by the set of all linear 
transformations from W to V? 

(d) Compare the algebraic structure in (a) and (b). 

(e) Can any linear transformation from W to V be invertible? 
Justify your claim. 


Let V = {({0, a;] | [0,a2] [0,a3] | [0,a4] [0,as] [O,ac]) | aj e Q’ U1 <i 
< 6} be a semivector space of super interval row matrices of type I 
over the interval semifield S =1(Z* U {0}). Find a basis of V. 


How many semivector spaces of super interval matrices of type I 
can be obtained by varying the partitions of a 5 x 5 interval matrix? 


[0,a,] | [0,a,] [0,a,] [0,a,] 
[0,a5]] [0,ag] [0,a,] [0,a;9] 
[0,a,] | [0,a,,] [0,a,,] [0,a,,] 
[0,a,] | [0,a,,] [0,a,;] [0,a,5] 
<1< 16} be a semivector space of super interval matrices of type I 
over S=Z' vu {0} 

(a) How many partitions can be made on a 4 x 4 interval matrix? 


Let T= where a, € Z’ U {013 1 


(b) Give the total number of distinct semivector spaces of super 
interval 4 x 4 matrices by varying the partitions. 

(c) Find a basis of T? 

(d) Will the basis have same cardinality even if partitions are 
different on the 4 x 4 interval matrices. 

(e) Find at least 3 linear operators on V. 


Can a semivector space of super interval 5 x 6 matrices over the 
semifield S = R* U {0} have subspaces of finite dimensions? 
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32. 


33. 


34. 


35. 


[0,a,] [0,a,] 288 [0,a,5] 
[0,a,;;] [Oa] ... [0,a,4] 
Is P= where a; € 3Z’ U {0}; 1 <i 
[0,235] [0,a] --- [0.236] my 
[0,457] [0,a;,] ... [0,44] 
< 48} a semivector space of super interval matrices of type I over 
the semifield S = Z U {0} is of finite dimension over S? Justify 
your answer. 


Can there exist a semivector space of super interval matrices of 
dimension 23? 


| [0,a,] 
[0,a, ] 
[0,a,] [0,a,] [0,a;]| | [0,a5] 
Let V = : , ({0,a 0,a2] [0,a 
(tea [Oat (Oia) (Oag/o 
[0,a5] 
| [0.46] 
[0,a4] | [0,as]) where aj € Q’ U {0}; 1 <i < 6} bea set vector space 
of super interval matrices over the set S = {0, 4, 5, 9, 28, 45} 
(a) Find at least 3 set vector subspaces of V. 


(b) Prove or disprove V can have infinite number of set vector 


subspaces of super interval matrices over S. 
(c) Does there exists a finite generating subset for V? 


Let V = {([0, ai] | [0,a2] [0,a3] | [0,a4] [0,as] [0,a6]  [0,a7]), 
[0,a,] 
[0,a,] 
[0,a3] te [0,a, ] 
[O,a,] |’ \[0,a,3] [0.2.4] 
[O,a; | 
| [0,a6] 


24} be a set vector space of super interval matrices over the set S = 
{0, 1}. 


[ape Z 49 {01 <1< 


ree a 
we. | [0,a54] 
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36. 


37. 


38. 


39. 


40. 


41. 


(a) Find set vector subspaces of V. 

(b) Can V have semivector subspace over S? 
(c) Find a generating set of V over S. 

(d) Prove V is an infinite set. 


What are the special properties enjoyed by set supervector spaces of 
super interval matrices? 


Give an example of a set super vector space which has only 5 
elements in it. 


Give an example of a set super vector space of super interval 
matrices which has no proper set super vector subspace. 


Give an example of an infinite super set vector space of super 
interval matrices defined over the set S=Z> U {0}. 


Prove 
| [0,a,]| [0,a,]| [0,a5]] [[0.a,] [0,a,] [0,a5] 
v= [0,a,]} [0,a;]) [0,a,] [0,a,] [0,a;] [0,a,] 
[0,a,]} [0,ag]} [0,a,] ; [0,a,] [0,a,] [0,a,] 
] 


[0,449 ]} [0,a,,]} [0.a,>] [0,ai9] [0,a;,] [0.a,2] 


l [0,a,] | [0,a,] [0,a5] [0,a,] | [0,a,] [0,a3] 
[0,a,] | [0,a;] [0,a,] [0,a,] | [0,a;] [0,a,] 
[0,a,] | [0,a,] [0,a,] ; [0,a,] | [0,a,] [0,a,] 


[[0.a;9] | [0.a;;] [0,a).] [0,a;9] | [0,449] [0,a,.] 


a, €Q’U {0};1 <i< 12} is a set vector space of super interval 
matrices over the setS=Z> VU {0}. 

(a) Can V have semivector super subspaces? 

(b) Obtain atleast 3 set vector subspaces of V over S. 

(c) Prove V can have infinitely many set vector subspaces. 


Give an example of a semivector space of super interval matrices 
which is not a semi linear algebra of type I. 
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42. 


43. 


44, 


45. 


46. 


47. 


Give an example of a semilinear algebra of super interval matrices 
of type I which has a finite basis. 


Let V = [0,a,] [0,a,] 
[0,a,] [0,a,] 


[ [0,a,] | 
[0,a, ] 
[0,a;] 
[0,a4] 
[0,a; ] 
[ [0,46] | 


vector space of super interval matrices over the set S= Z" U {0}. 
(a) Find set super vector subspaces of V. 


[0, as] 
[0,a¢] 


} ([0,a:] | [0,a2] [0,a3] [0,a4] | 


[0,a5] [0,a6])) a, €¢ RU {0}; 1 <i < 6} be a set super 


(b) Can V have set super semilinear subalgebra? 
(c) Can V have a finite generating subset? 


Obtain some interesting properties enjoyed by set super vector 
spaces defined over a set S. 


What are the advantages of using set super vector space of super 
interval matrices over usual set vector spaces? 


| [0,a,] | 
[0,a,] 
[0,a; ] 
[0,a,] 
[0,5] 
| [0,a,]] 


semigroup under addition. Can V be a S-semigroup? 


Prove the set V = aéeZ vu {0}; 1 <is 6} isa 


Give an example of a semigroup of all super interval matrices (with 
respect to a fixed partition) which is S-semigroup. 
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48. 


49. 


50. 


51. Let V = {({0,5] | [0,7] [0,12] [0, V3] | (0, 
[ 


Does there exist a set of super interval matrices (with respect a fixed 
partition) which is a group? 


Let V = {((0,a1] | [0,a2] [0,a3] [0,a4] | [0.as] [0,46] [0.47] [0,a8] [0,a9]) | 
a € QU {0}; 1 <i <9}. Prove V is a group under component wise 
multiplication. Can V have subgroup? 


[ [0,a,]  [0,a,] 
[0,a;] [0,a,] 
[0,a,]  [0,ao] [ 

[0.4.3] [0,a,,] [ 

Let V = 5|[0,a,,] [0,a,,] [0,a,,] [0,459] | where a € ie. 
[0.45] [0,a.] [0,453] [0,45] 

[0,a,;] [0,a,,] [0,a,,] [0,45] 

[0,4] [0,a39] [0,a;,] [0,a5.,] 

[[0,433] [0,434] [0,435] [0,436] | 

{0}; 1 <1 < 36} be semivector space of super interval matrices of 

type lover Z*U {0'=S 

(a) Find subspaces of V. 

(b) Find a basis of V. 

(c) Find a linearly dependent set in V. 

(d) Prove even a two element subset of V can be linearly dependent 


[0,a;] [0,a,] | 
[0,a,]  [0,a,] 
0,4] [0,a;)] 
0,a,5] [0,a,5] 


set. 
(e) Define a linear operator on V which is invertible. 
(f) Find a linear operator on V which is not invertible. 


5] [0, V5}, (000/ 0/00), 
[0,7] 
[0,4] 
[0,9] |’ 
[0,11] 


0 
0), 
0 


Colo ole 
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52: 


53. 


54. 


2): 


56. 


aye 


[0,8] | [0,3] [0,9] |[0,11]} fo|o o|o 
[0,4] | [0,V5] [0,2]| [0,1] |,|010 of0 
[0,2] | (0,V7] [0,5] | [0,7] | LO} o|0 


be a set super vector space over the set S = {0, 1} (a) Find set super 


vector subspaces of V. (b) Define a linear operator from V to V? 
Can it be non trivial? 


Prove the set of all partitions of a 7 x 5 interval matrix with entries 
from Z* U {0} is a set vector space over the set {0, 1}. 


Find the number of partitions of the interval matrix 
[0,a,]  [0,a,]  [0,a,] [0,a,]  [0,a,] 


[0,a,] oe ies at [0,a,0] 
P= {| [0,a,,] es ste vet [0,45] 
[0,a,. | ee ig SS [0,a,, | 


[[0,a>,] [0,a] [[0,a,] [0,a,,] [0,a,5] 


where a, € ZU {0}}. Hence or otherwise what is number of super 
interval matrices one can get using an x n interval matrix. 


Give an example of a set linear algebra of super interval matrices of 
finite order. 


Obtain some interesting properties about set super linear algebra of 
super interval matrices. 


Prove a set vector space of super interval matrices in general is not a 
set linear algebra. 


Let V = {([0,a1] | [0,a2] [0,a3] [0,a4] | [0,as].. . [0,an]) | ai €e QU 
{0}; 1 <i< 11}. Prove V is a set linear algebra of super interval 
matrices over the set S = {3Z° U 2Z" U5Z" U {0}}. 

(a) Find super set sublinear algebra of V. 

(b) Find pseudo super set vector subspaces of V. 
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58. 


59. 


60. 


61. 


62. 


Define for super set vector spaces V and W of super interval 
matrices the concept of set linear transformation and illustrate it by 
examples. 


Prove if V is a set super vector space over the set S. Suppose W, 
»..+5 W; be n proper set vector subspaces of V. Then ()W, = can 
1 


also occur. 
Define the concept of set linear operator of a set vector space of 
super interval matrices and illustrate it by an example. 


Can we define in case of set super vector space V defined over the 
set S the concept of set linear functionals from V into S. 


[ (0,a,] ] 
[0,a,] 
[0,a, ] 
[0,a,] 
[0,as] 
| [0,26] | 
algebra (set linear algebra of super column matrices) over the set S 


= {0, 1, 2,5, 10, 27}. 
(a) Find set sublinear algebras (set linear subalgebras or set linear 


Let V= a, € ZU {0}; 1 <i < 6} bea set super linear 


super subalgebras) of V. 

(b) Define a linear operator on V. 

(c) Find pseudo set vector subspaces of V. 

(d) Find subspaces W; W> W3 in V so that V = U W; with W; 0 W; 


if ix]. 


| 
oloooloeo ao 
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63. 


64. 


65. 


Let V = {((0,a:] | [0,2] . . . [0,a7] [0,as] . . . [O,aic]) | ai € QU {0}; 
1 <i< 16} bea set super linear algebra over the set S = {0, 2, 8, 25, 


[ [0,a,] [0,a,] 
[0,a,] [0,a,] 
[0,as5]  [0,a,] 
48, 64} and W= 4] [0,a,] [0,a,] || a € ZU {0}; 1 <i< 14} be 
[0,a,] [0,a,9] 
[0,a,,] [0,a,.] 
[19,43] [0,a,4] | 


a set linear algebra of super column interval vectors over the set S = 
{0, 2, 8, 25, 48, 64}. 

(a) Find a set linear transformation from V to W. 

(b) Find a set linear transformation from W to V. 

(c) Does there exist an invertible set linear transformation from V 
to W? 

(d) Suppose G = {set of all set linear transformations from V to 
W}, does G have any nice algebraic structure? 


[ [0,a,] [0,a,] | [0,a,] 
[0,a,] [0,a5] | [0,a,] 
Let V= {| 10a;] [0a] | [0a] || a ¢ Z'U {0}; 1<is 15} 
[0,a,9] [0,a,,] | [0,4] 
[O,a)3] [0,a)4] | [0,245] 


be a set linear algebra of super interval matrices over the set S = {0, 
1}. 

(a) Find at least two set linear subalgebras of V. 

(b) Find set linear subalgebras W; of V so that V = U W, 


(c) Find at least two set linear operation on V. 


Is the collection of a set linear operators on a set vector space of 
super interval matrices over a set S a set vector space over S? 
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66. 


67. 


68. 


69. 


ene io [0,a,] [0,a,] [0,a5] 
[0,a,]}[0,a,] [0,a,] [0a] 


a set linear algebra of super interval row vectors over the set S = Z” 
U {0}. Find the set of set linear operators on V. Is it a set linear 
algebra over S? 


where aj € R’ U {0}} be 


Let V = {([0,a:] | [0,a2] | [0,as] [0,a4]), ([0,a:] | [0,a2] | [0,a3] [0,a4]), 
({0,a:] | [0,a2] [0,a3] [0,a4]), ((0,a1] [0,a2] | [0,a3] | [0,a4]), ([0,a1] 
[0,a2] | [0,a3] [0,a4]), ([0,a1} | [0,a2] [0,43] [0,a4]), ([0,a1] [0,a2] 
[0,a3] | [0,a4]) | a; e SZ VU {0}} be a set vector space of super row 
interval matrices over the set S= ZU {0}. 

(a) Find a generating set of V. 


(b) Find set vector subspaces of V. 

(c) Can V have pseudo set linear subalgebras? 

(d) Find linear operators on V which are invertible. 

(e) Find set subspaces W; of V so that V = UW; = 6. 

(f) Is it possible to find set linear operators which are not 
invertible? 


Let V = {([0,a:] | [0,a2] [0,a3]) | aj €e QU {0}; 1 <i< 3} bea 
semigroup of super interval row matrices. Find transpose of V? 
Is V' a semigroup? 


[0,a,] [0,a,] [0,a;] 

Let V = 4) [0,a,] | [0,a,] [0,a,] |] ai € Z' U {0}; 1 <i<9} bea 
[0,a5] | [0,ag] [0,5] 

set linear algebra of super interval matrices over the set S = 3Z° U 

{0} U2Z. 

(a) Find W, and W, two subspaces in V so that V = W; © W>. 

(b) Find at least one set linear operator on V. 


(c) Find at least two pseudo set vector subspaces of interval super 
matrix of V. 
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70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


Define any other interesting properties about super set linear algebra 
of super interval matrices. 


Does there exist a set linear algebra of super interval matrices which 
has no set linear subalgebra? 


Define the concept of generating set in case of set vector space of 
super interval matrices and illustrate it by examples. 


Define the concept of sectional subset vector sectional subspace in 
case of super set vector space (set vector space of super interval 
matrices). 


Obtain some interesting relations described in problem 73. 


Let V = {(L0, ai] [0,a2] | [0,a3}) | ((0,a1] [0,a2] [0,a3] | [0,a4] [0.as]), 


[0,a,] 
[0,a, ] 


[0,a; ] ja,e3Z° U {0} U5Z* 1 <i <5} bea set vector space 
[0,a,4] 
| [0,a5] 


of super interval matrices defined over the set S = {0, 1}; 
(a) Find a set linear operator on V. 


(b) Find set vector subspaces of V. 
(c) Write V = U W,, Wj set vector subspaces of V. 


Obtain some interesting properties about semigroup vector space of 
super interval matrices over a semigroup S. 


[0,a,]}[0,a ] 
[0,a;]}[0,a,] 
[0,a5]) [0,a¢] 
[0,a,]] [0,ag] 


[0,ac]) | aj € Z” U {0$; 1 <i <8} be the semigroup vector space of 
super interval matrices over the semigroup S=e€ ZU {0}. 


Let V = , ({O, ar] [0,23] | [0.as]) (0,4) [0,as] | 
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78. 


79. 


80. 


81. 


82. 


83. 


(a) Find at least two semigroup vector subspaces of V. 
(b_ Find at least two subsemigroup vector subspaces of V. 
(c) Find atleast two semigroup linear operators on V. 


[0,a,] [0,a,] [0,a7] [0,a19] 

Let V = 4|[0,a,]/[0,a;] [0,a,] [0,a,,]J|}aeZ VU {0}; 1<i< 
[0,a;]|[0,a,] [0,a,] [0,a,.] 

12} be a semigroup super interval row vector linear algebra over the 


semigroup S=Z* ® U {0}. Let T = {all semigroup linear operators 
on V}. Find the algebraic structure enjoyed by T. 


Give an example of a semigroup linear algebra of super interval 
matrices of order 28. 


[0,a,] [0,a,] | [0,a,,] [0,a,6] | 
[0,a,] [0,a,] | [0,a,,] [0,a,,] 
Let V= [0,a,;] [0,a,] [0,a;.] a €Z7;1<i1< 
[0,a,] [0,a,] | [0,a,,] [0,a,,] 
[0,a5] [0,aj] | [0,a;5] [0,459] | 


20} be a semigroup super interval matrix linear algebra over the 
semigroup S = Z;. 
(a) Find the order of V. 
(b) How many subsemigroup super interval linear 
subalgebra can V have? 


Determine some important properties enjoyed by group linear 
algebra of superinterval matrices defined over the group G under 
addition. 

Give an example of a pseudo simple group linear algebra. 

Does there exist a group linear algebra of super interval matrices of 


order 23? Can this group linear algebra have group linear 
subalgebras? 
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84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


[0,a,] | [0,a,] [0,a,] [0,a,] 


[0,a;] | [0,a,] [0,a,] [0,a,] 
[0,a,] | [0,a;5] [0,a,,] [0,a,,] 
[0,413] | [0,a;,] [0,a,5] [0,a,6] 


Let V = ai é€ Za; 1<is 


16} be a group super interval matrix linear algebra over the group G 
= Z47 under addition. 
(a) Find order of V. 


(b) Find a basis of V. 

(c) What is the dimension of V? 

(d) Can V have subgroup linear subalgebras? 

(e) Find atleast two invertible linear operators on V. 


Obtain some interesting properties about superinterval fuzzy 
matrices. 


How many super interval matrices can be constructed using a 7 x 5 
interval matrix? 


How many super interval row vectors can be constructed using a 4 x 
12 interval matrix? 


Give an example of a super 7 x 6 interval fuzzy row vector. 


How many super interval matrices can be constructed using an 
interval matrix natural order 7 x 42? 


Obtain some applications of super interval fuzzy matrices. 


Give an example of a semigroup of super fuzzy interval matrices. 


[O,a,] |... | [O,a,] 
Given A = : : 


ai € Z13; 1 <i< 16} bea group 
[0,a,5]] --- | [0,416] 


linear algebra over the group G = Z;3 under addition modulo 13. 
(a) Find group linear subalgebras of A. 
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93. 


94. 


(b) Prove A is pseudo simple. 

(c) What is order A? 

(d) What is dimension of A? 

(e) Find a generating subset of A. 

(f) Find a noninvertible linear operator on A. 


[0,a,] [0,a,] [0,a,] [0,a,] 
[0,a;] [0,a,] [0,a,] [0,a,] 
[0,a,] [0,a,,] [0,a,,] [0,a,,] 
[0,a;3] [0,44] [0,a,5] [0.a)6] 
be a group linear algebra of super interval column vectors over the 


group G = Z4) under addition modulo 42. 
(a) Find a basis of V. 


(b) Prove V is finite dimensional 
(c) Find 2 subgroup linear subalgebras. 


Let V = a; © Zan; 1 <1 < 16} 


(d) Find 3 pseudo group vector subspace of V. 


Let V= 
[0,a;] 
[0,a, ] 


[es i] bal [0.25] | (10,2) (0,a,]}[0.2,]| [0440] 


10:85] [O.a,} (oa, | oe! >| Cee] 0.85] [ag] [ay] | ¢ ZA | 
[9,a5]) (10,a5] [0,46] [0,4 ]} [0,a,.] 

[0,a,] 
| [0,7] 
<1i< 12} be a group vector space of super interval matrices over the 


group G = Z;5 under addition modulo 15. 
(a) Find order of V. 


(b) Find at least 3 group vector subspaces of V. 


(c) Find three group linear operators on V. 
(d) Find the two subgroup vector subspaces of V. 
(e) Obtain the special fuzzy group vector subspace of V. 
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95. 


96. 


97. 


98. 


99. 


100. 


101. 


Obtain any interesting property associated with super fuzzy interval 
matrices. 


Define set vector space of super fuzzy interval matrices and 
illustrate it by an example. 


How is special fuzzy set vector space different from the set vector 
space of super interval fuzzy matrices over a set S? 


Show by an example the difference between these two structures 
mentioned in problem 97. 


Prove every semigroup vector space of super interval matrices need 
not be a semigroup linear algebra. 


[0,a,]  [0,a,] | [0,a,3] 
[0,a,] [0,a] | [0,a,4] 
[0,a;] [0,4] | [0,a)5] 
[0,a,] [0,ajo] | [02,6] 
[0,a;] [0,a,,] | [0,a,,] 
[0,a,] [0,a,,] | [0.a s] | 

1 <i < 18} be the group linear algebra of super interval matrices 

over the group G = Z,. 

(a) Find the order of V. 

(b) Find a generating subset of V. 


Let V = where aj € Z;; 


(c) Find atleast two distinct linear operators on V. 

(d) Find group linear subalgebras of V? 

(e) Is V pseudo simple? 

(f) Using V find the special fuzzy group linear algebra of super 
interval matrices over Z7 = G. 

(g) Find a fuzzy group linear subalgebra of V. 


Let V = {({0, a] [0,a] | [0,a]) ({0,a] | [0,a] [0,a] [0,a]) | a € Zs } be a 


group linear algebra of super interval row matrices over the group G 
= Zs. 
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102. 


103. 


104. 


105. 


(a) Is the order of V five? 

(b) Can V be generated by more than one element? 

(c) Find a basis of V. 

(d) Can V have group linear subalgebras? 

(e) Is V pseudo simple? 

(f) How many group linear operators on V can be defined? 

(g) How many special fuzzy group linear algebras can be obtained? 


Obtain some interesting properties enjoyed by semigroup linear 
operators of a semigroup vector space of super interval matrices 
over a semigroup S. 


Study the same problem in case of group linear algebras. 


0,416] 
0,a,,] 


[0,a, ] [0,a,] 
[0,a,] [0,a,] 


Zz) CDC = 


Let V = [0,a;] [0,a,] 0,a,,] | where a; € Zy4; 1 <1 
[0,a,] [0,a, ] [0,a49 ] 
[0,a5] [0,a,9] [0, a9] | 


< 20} be a group linear algebra of super interval matrices over the 
group G = Zp, under addition. 
(a) Find order of V. 


(b) Find a basis of V. 

(c) How many subgroup linear subalgebras of V exist? 

(d) Find atleast five group linear subalgebras of V. 

(ce) Define atleast two invertible linear operators on V. 

(f) Obtain atleast 6 special fuzzy group linear algebras using V. 


Let V = {([0, ai] | [0,a2] [0,a3] [0,a4] | [0,as] [0,a6]) | ai € Z2031<1< 
6} be a group linear algebra over the group G = Z29 under addition. 
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106. 


[ [0,a,] 
[0,a,] 
[0,a5] 

W = 3/[0,a4]] | aj € Zo; 1 <i < 7! be a group linear algebra over 
[0, a] 

[0,a¢] 

[0,a, ] 


the group G = Z4 
(a) Find atleast 2 invertible group linear transformations of V to W. 


(b) If H = {all group linear transformations of V to W}, what is the 
algebraic structure enjoyed by H? 

(c) How many distinct elements does H contain? 

(d) What is the order of V? 

(e) What is the order of W? 

(f) If J = {all group linear transformations of W to V} what is the 
algebraic structure enjoyed by J? 

(g) IEH=J? 

(h) Find the special fuzzy group linear algebras of V and W. 

(i) Find a group fuzzy linear transformation of (V, n) with (W, 1). 


[ [0.a,] 

[0,a, ] 

Let M = 4|[0,a3]], ({0, ai] [0,a2] | [0,a3]) ([0,a4] | [0,as]) | aie Zia ; 
[0,a4] 

| LO. as] 

1 <i <5} bea group vector space over the group Z),4 under addition. 
(a) Find subgroup vector subspace of M. 

(b) What is the order of M? 

(c) Find a basis of M. 

(d) Can basis of M exceed 10? 

(e) Find atleast 6 (six) group vector subspaces of V. 

(f) Find atleast five distinct group linear operator on V. 
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107. 


108. 


109. 


[ [0,a,] 
[0,a, ] 
Let V = 4|[0,a;]|, ({0, ai] [0,a2] | [0,a3]  [0,a4] — [0,as]), 
[0,a,] 
[[0,a5] 


ne [0,a, ]|[0,a5] 
[0,a,] [0,a,]][0,a,] 


vector space over the set S = {0,1}. 


} ai € [0,1]; 1 <1 < 6} be a set fuzzy 


(a) Find three set fuzzy vector subspaces of V. 
(b) Prove V is pseudo simple. 

(c) Find five set linear operators on V. 

(d) Find a basis of V. 

(e) Is cardinality of V infinite? 


[0,a,] [0,as] [0,a,] 
O,a 0,a 0,a : 
Let P = [0,2] [0.26] [a0] a; € [0,1]; | <i< 12} bea set 
[0,a;] [0,a,] [0,a,,] 
[0,a,] [0,ag] [0,a,5 ] 
fuzzy interval matrices. How many set of fuzzy super interval 
matrices can be obtained by partition the 4 x 3 interval matrix? 


Let W = {((0, ai] | [0,42] [0,a3] | [0,a4]) | ai € [0,1]; 1 sis 4} bea 
group fuzzy interval linear algebra over a fuzzy group G. 
(a) Find group fuzzy interval linear subalgebras of W. 


(b) Find atleast three group linear operators on W. 
(c) Find a basis of V. 
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110. 


112. 


113; 


[ [0,a,] 
[0,a, | 


[0,45] 

Let P= (0 a] a, € ZU {0}; 1 <i < 6} be a semigroup linear 
94 

[0,a;] 

| [0.46] 

algebra over the semigroups S = Z” U {0}; 

(a) Find a basis of P. 

(b) Find the special fuzzy semigroup linear algebra of V. 

(c) Prove one can construct infinite number of special fuzzy 


semigroup linear algebras using V. 

(d) Find a linear operator on V. 

(e) Cana relation exist between semigroup linear operator on V and 
the special semigroup fuzzy linear operator on V. 


Obtain some interesting properties enjoyed by special fuzzy interval 
group linear algebras. 


Give some applications of group vector spaces of super interval 
matrices over a group in finite interval analysis. 


Give some applications of super fuzzy interval matrices. 
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